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1 (a)

[2]

(b)

Answer all questions :)

[1]

Do not use a calculator for the whole of this question.

It is given that cot (–B) < 0 and sec (–B) < 0, where 0 ≤ B ≤ 2π. 

Explain why sin — > 0.B
2

Find the value of                                    .–1 4
5

cot [ 2 cos   ( – —) ]

(ii) Given that cot B = –– , find the exact value of cos ( ––––– ). 12
5

B – π
2 [2]

Since the principal values of us-' C- ¥ ) are ◦
◦

≤ css
-' C- ¥ I ≤ 180° , and cos less

_' C- ¥ ) ) < ◦ s
css

-' C- ¥ ) lies in the 2nd quadrant .
I

n

est [ css -' l - ¥-1] = tan(Zoss-' C- ¥ 1)
is 5

70s
- ' C- ¥ )

=3 , =
' - th"""-"- ¥"

§ flippeds

4 2tan(css-' C- ¥ ) )
Mi

=
I - C-¥12
21-¥)

= '_%_
-3-2

= 7- ✗ (-2-3)16

= - ±
7/10 24 Al

-

p using
◦
◦
≤ ≤ 180° is ✗

as 0° & 180° do not make
sin > 0

since - Lot BLO , Secc-B) 20 Since tan B > 0 and Css B <O , B lies in

+"°

the zrd-qnadrant.TL B < 270° ) / (Te < B < )ist B >◦ 1-
<0

css C-B) Hence
, Bz lies in the 2nd quadrant ,¥B > 0

us C-B) <0 and in the 2nd quadrant , sine is
tan B > 0

Css B <0
positive . (90° < Bz < 13501 / CÉ< Bz < ¥ )

Hence
, 5in Bz > 0

cssc } - ¥ )
'
'
'"C- 0) = cos 0

Cst B = ¥
2. Css ( Iz - O ) = sin 0

tan B =
5

-12 = cssc- ( Ea - Ez ))
n nos B = - ¥3 = sin Bz

12
,

css@( )] = I - 25in 2 B-2
at

- ¥3 = I - 25in
2 B- MI

5 2

FE
= 13 ¥3 = 25in2 - I

25in
>BI = ¥3

s;n2Bz = ¥
OR (sin 2- > 0 )

sin BI = in Bz belongs in the 2nd quadrant)26

= 5-→ a ,
OR

5€26
26
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(c) By finding the exact value of cosec  ( ––– ), find sec  (–––).7π
12

2 2 7π
12 [3]

6/10

Used ¥2 = gg we24¥ + I = used ¥2

tan¥ = 8- 453 - i

=[sin¥] 2
I ta÷2= 7- 4 V3

=

( sin as ¥ + us ¥ sin ¥ )
≥

tanz 7¥ = ¥fs✗ ¥¥%3
I

= = 7+4☐

KEKE" CE "EI
Sec
- (¥2) = I + tan2C

= 1- =1+(7+453)

( r¥E 12 =8-3 At

=
I

2-1 +Fs + 6

16

=I ✗ ¥¥f
,

m'
8-14nF

= 128--6453
64 - 48

= 128¥45
= 8-4 At



(a) Show, using the aid of a diagram, that ∫   3√k  – x   dx = —– .
k

–k

–––––2 2 3πk
2

2 [2]

(b) Hence, find in terms of k and/or π, the value of:

(i)

(ii)

 ∫   √4k  – 4x   –2π cos (–––) dx.
0

k

–––––––2 2 πx
2k

[2]

 ∫   √k  – x    + π tan  (–––) dx.
–k

0

–––––2 2 πx
3k

2
[2]

(NCHS 2023 P2)
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2
9.5 / 10

☆
y= FEZ ¥32dx = 31%5%2 dx
y2= K2-K2

=3 × (areaÉe with radius K)

K2-1yd = K2
=3 ✗ ¥ K2 At↳

equation of a circle above x-axis

= 3T¥
≥

" area of

semicircle

(shown)

O
' k my

- k k

1st
Part

✗ → Cap at 1 for

l:) & Ci it only if trigo part f-

=

f-2TicsSEE die correctly
→ MI

= 2 C-¥414k sin × ]
°

J!2É - 2k Css ( Idk
2k K

-

= 2J
,
?FÉ dx - s Tess 1T¥ ) dx

'

- 2C-¥} - ksino) - 14k 8in ¥ )]K

= _ TLKZ
= 21-T¥) - ( 2¥ ) sin ¥1 ]

°

I
- '
◦ -4k)

K = -¥2k'-14k
AT AT

(w/ steps1

ft tan' l ) die correctly → mi

Jj
"
Fat die + f tetany Idk

= (_
TLKZ

4-
I - go.k-kkeiCI.sc) - I ] die

= _ T¥- [
,,
Te Sei x - K de

= -
"¥- [ 3ktan 3k - KK]

°

- k

= -
"¥- ¢3ktan O - O) - (3k tant ¥1 + KTC)]

= -
TLK'

I 1-
( 3k C- Fs ) + KTL)

= -
IK?

4_, →
(w/ steps)



(a) Prove that [2]

(b) Hence, solve  ——————— =  sin 3θ + sin  3θ2

sec 3θ + tan 3θ cot 6θ , for –π ≤ θ ≤ π. [3]
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3
6/10

LHS =
45140-1 45m20

Seco + tano

= casino -145in201 :-(¥0 -1%-38 )

=(4sinO+ 45m20) ÷ ( '÷&)
= 45m04-15in 01 ×

,-Y}⇒Ml
= 45m06s 0

=2(

2sinocs.sc/--2sin2OM1--RHS

- l≤o≤ i

-

☆ 9/10 -◦ ≤ so ≤ 6

1- (45in 30 -145in 2304 sec30-1 tango / = cstbo

¥(25in 601 = cst GO

*sin60=6+60

{sinoo =
#
sin60

sin260=2 css GO

1- css260=200560

D= Css260+26560 - I MI

Css 6@ =
-2£É

2(1)

= -218N
2-

=
- IIF

css 60=-1 +V2 Or cos 60=-1-52

lrejectas-i≤cssGO60=65
' (rz - 1)

✗ = 1.14rad (3s.f.) MI

60 belongs in the 1st & 4th quadrant -

60=1.14 , LTL- I. 14 ,
- I. 14 , -2kt 1.14 ,

= 1.14, 5.14 ,
- I. 14 , - 5.14

0=0.191
,
0.857 , -0.191 , -0.857 (3s . f.)¢ At



Show that — x  ln x  = ax  ln x  + bx  , where x > 0. and a and b are constants to be found.6 3(i)
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[1]d
dx

5 3 5

(ii) Only by expressing ∫ ax  ln x  + bx  dx = x  ln x  + c  , where c  is an arbitrary constant,5 3 5 36

find ∫ x  ln x  dx.5 3 [3]
1 1

4

3110 d

DI KG In K
' = &, 3×6 In x

= 3 %,xG lnx

=3 [KG ( ¥) + ( Lux) (bks)]
= 18×5 Cnx + 3×5

I 6k5thK
} -1 325

a= At

2-↳other methods =

of6×5Ln ✗3+3×5 dk = KG In K} + C,
☆ 9110

f)(5 in x} + § ✗5 DX= f-✗° In ✗3 t Cz

f)(5 in ×} + -12×5 DX= f-✗° In ✗3 t Cz

5×5 in x} + -12×5 _ 1-2×5 dx = §KG Ink} _5£25dk -1 Cz
= & KG In✗3 _M

I

%)
+ <3 + <2

= 1-6×6 (n ks - Fy KG + (4
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(iii) [2]Integrate  ––––– – ––––– + ––––– with respect to x.2
5

2 – 3x
x – 1
x + 1

 2
(x + 3)

O
 x

 y

 y = x  ln x 5 3

––e
2

Diagram 4

(iii) Look at Diagram 4 below. The shaded area can be expressed in two different ways.
One way in expressing the shaded area is first making x the subject, then expressing it as a 
bound integral below: 

∫
m

n
   x dy, where m and n are constants.

Find the values of m and n, and the shaded area below, all in 3 sig fig . [3]
☐ 2-

Sub
y
= 0 :

KJ Ln ✗3 = o

k = 0 or × = I

5%5 in idk
•⇔. . ÷ ,,]

:

,

AI

E.innEi- EiEi )
-

⇐a)
°
in is_ izcii )

= (¥4(3)G- in2) - a%g)
-

Sub K= § :
( ÷ - E)

y:({5- in lez ]
}

= ¥g a - in 2) - ¥g - ¥
as
constantsg- me -maybe
":{•wet

a ,
= e° C '

¥2 _ ¥ ) -¥ unity m
= }ze5(1- Ln 2) = 4. 27 (3s. -f. I

n = 0

133-2 ( 1- in2)) ( ez) - [° C ' 2
_ ⇒ ) -¥]

,""
""£" ^"

7/10

[¥312 -÷
,,

+ die
✗+I

-

k+÷
= 2J,,÷spdx -5xd" + fl -¥,

die

= 251kt 3)"DX + § fx dx + f I die - 25¥, die

= 2[{ ] + § In (2- 3>c) + x - 2in (x-1 1) + C
MI

= -.EE?iii-iEE+c
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It is given that f’’(x) = 10 sin  3x – 6 tan  6x – 11.

Given that the normal of the line at x = 0  is perpendicular to the x-axis, find and simplify an 

expression for f’(x). 

2 2

(i)

[3]

(ii) d
dx

2 [1]

5

Find an expression for  –– ln (2– 2 sin  nx), where n is a constant.

f' ' (x) = tosin23×-6tan2 Gx - 1 1

8110
= -5C-25m23>c) - 6 (sector

- l ) - 11

= -5 (1-2514231)+5
- 6sec26kt G- 11

= -50s 6K +5 -6sec26×+6-11

= -56567C -6sec26K MI for 5hmpuffing f"(x)

fix)= f -56567C -6sec26K dx

= -5 Ctsin 6k ) - Gctgtanbk) -1C ,
= - % sinbk-tanbk-ci.mg
At 1=0 , F'(x) = 0 :

- % Sino - tan 0+4=0
4=0

f/(x) = - % sinGK - tan 6K At

5110
Ln (2- 25h2 nk) OR

= d

d-x.lu/2css2nk)=2(wsnk(-nsinnxlg--adILn2tlncss2nKcos
-noc

= &, Zlncss me = 2 (
- n sink)
cos nk

= _
2 <

/ - 2h tan nk
= -2ntannX

-

a-
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(iii) Hence, given that y = f(x) intersects the point ( — , — ), find an expression for f(x).π
3

1
2

[3]

_☆ 9/ '° f /(x) = - Egg;nGx - Ean Gx
f-2h tan nx d)⇐ In (2- 25in2n >c)
- 2n/ tan nkdk = In (2-Zsinlnk)

f-(K) = f-{Sin Ga- tan 6K DX

Jeannie dk= - In Ln (2- Zsinznsc)
= _ § C- toss 6K) -1 Cz + ¥ f-12 tan 6K die
= I

3.GUS
GX + Cz 1- Faln (2- 25in26×1

fck) = % cos Gx -1,1-2 In (2- 25in26k) -1cg MI

sub k= ¥ , fcxs = 1-2 i

{ = Css 217 + ¥2bn (2- 25in2212) → ( 3

{= + ¥ In (2) + <3

↳=% - ¥22 mi

FCK) = % cos Gx -1,1-2 In (2- 25m26>c) + % - ¥22 µ At



………………………………..…………………………………………………………………………………………….
O Level Additional Mathematics 4047/1

It is given that f(x) = 2e    – 3e   + e   .3x(a) ln x–kx

If –3f’(x) + f’’(x) + 3 = 0, find the exact value(s) of k. [2]

(b) The equation of a curve is given by y = 3x  e2 – –– x1
2

(ii)

A point P lies on the curve such that the normal to the curve at P has a negative gradient. 

Find the equation of the normal at P, given that the x coordinate of P is 1. [2]

(i) State the range of values of the possible x coordinates of P. [2]

6

7/10 fG4=2e
-k"

- 3e3k -1 ×

file)= - 2ke
-k"

_ 3.e.3×+1 -↓

F''CK)=(-2k)(-Ke
-KK
, - 9e3

" Mt

↑
= 2k2e-KK _ qe

3K _

-3 filk) + f
"(K) -13=0 :

-3C - 2ke
-k"
- 3e3" + 1) + (zkze

-KK
- 9e3") -13=0

Coke
-kK+9e 3×-3+21<2e-K" _ qe3×+3=0

(GK -12k2) e-
KX
= 0

KCK-1 3) e-
Kk = 0

KCK-137=0 or e-
''"
= ☐

(reject as e-
K"
> 0 )

1=-0 or K-13=0

la ,

3

tangent→ positive

my
= 3×2 e-±" dy8110 dz> 0

:

II.=3{(x2)c- je
- ±"

/ + (e-
±" )C2x)} C-3-2×2+6>c) e-±" > 0

Since e-±" > o for all real values of K ,=3{- joie
-±"+2xe

-±" }
-1-32×2+6e)e-

ÉK -3-2×2-1 Gx > O

-

Mt
3×2 - 12K<0

✗ (x- 4) < 0 0 4 At

8110
sub ✗= 1 into §, : sub k= 1 into Y :

Y=3(1)
2 e-≤Cl)

¥c=(-{(1)2+64) )e-É " '
= 3-
re

= ;e
-±

(1) Fret
-

gradient
of normal =

-1÷¥e
= - 2¥ mi

-

y
- 3- = -2¥ Cx - 1)re

y
- ¥e= -¥k -12¥

y =
-
We
-9×+1 + help
- { a 'or

y= -&e±x -1 {et + 3éÉ
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(iii)

 y

 x
O

Graph A

Graph B

Graph C

Look at the diagram below. It shows three different graphs, Graph A, B, and C.

Determine whether which graph is most suitable for the shape of the line y = 3x  e       .

Explain your answer with reasonings. 

2 – –– x1
2

[2]
Diagram 6

Graph A.
Firstly, Graph A is the only graph above that shows that it 
reaches to a minimum at the origin (0 , 0). When finding the 
stationary points of y, it is also clear that the graph reaches to a 
minimum at (0 , 0) by First / Second Derivative Test. [1]
(required explanation above the other 2 below)
Secondly, from my answer in (b) (i), the gradient of this graph 
should be positive/increasing from 0 < x < 4, and Graphs A and 
B both possibly show that the graph is increasing from x = 0 to 
4, while graph C seems to increase beyond x > 4. + workings [1]
OR
Graphs A and B also show that there is a maximum after the 
first stationary point x = 0 by First/Second Derivative Test, and 
the other stationary point of this graph is at x = 4. + workings [1]

Award 0 for no explanation but have working and 1 for no 
working but have explanation

☆

9/10

Graph A. → Award 0 if not graph A

a

✗

✗

× >

y=3x2e
- {×

4,7=1-32×2+6>c)e-
É"

ay
dI=0 :

or @ x=o

C- 3-2×2+6>c)e-
±"
= 0

depends on working

- 3-212+6>1--0 or e-±" = ◦
- _

(reject as e-
É "

> 0)K2 _ 4>( = 0

Kfk-41=0

✗= 0 or K- 4=0

2=4

✗= 0 ✗= 4

O
-

O Ot 4- 4 4-1

-0.647 0.556 0,0832 -0.0792

%? " (negative) 0 (positive) (positive)
0 (negative)

Outline

of graph: \ - / / - \

By First Derivative Test, By First Derivative Test,

k=0 is a minimum. x=4 is a maximum .
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It is given that f(x) = ————2 sin x
cos x – 1 , for 0 < x < 2π.

Explain, with reasonings, whether f(x) is increasing or decreasing.(i) [3]

(ii) Find the range of values of x for which f’(x) is increasing. [2]

7

OR Since sin x < 0, x has to belong in the 
3rd or 4th quadrant.

 π < x < 2π

y

-

y

I -

8/10
• = ;;÷,

19
=
Cask- 1) CZCSSK)-(25ina)C-sink)

dk
(cssx- 1)2

= 2652K
- 2cssx -125in2x

cess x - 1)2

=
2- 2cssx

Cess>c- 1)
2
Mt

=
-2(cs
(cssk - 1)

2

= _ 2-
ASK -1

= ,÷x MI ONLY THIS FORM

Since - I <ask < 1 for ◦ < x < 21T

-Is - ask < I

◦ < 1- cssx -2,1- nose > ◦ { At2

Hence,
,- css,

>0
,
17 > 0 .
dk

Thus , y
is increasing for ◦< KLZTL .

¥
☆ 9/10 It = ,÷s×dk

DI
d,
,
=
(1-ASK)(0)

- (2) ( Sin x)

(I-cssk)2

= - 25in
(1-Css>c)

2 -
MI

since ( I -ask)2 > 0 for 02k < 22 /

- 2s
-

ink > 0
y
n

25inKLO

sink Lo ◦¥,,?
TLLK < 212
-

At
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wall of building

7.5 m

S L0

L1

street lamp

In the diagram, a surveillance camera is mounted at a point S that is 7.5 m towards the left of point L  . 
A lizard crawls from point L  along an upward course at a speed of 1.2 m/s. The surveillance camera 
tracks the motion of the lizard by panning upwards from the fixed point S. 
Find the rate of change of the angle that the surveillance camera makes with the lizard and the wall of 
the building when the runner is 10 m from L  . Give your answer in radians per second.

0

0

0

[4]

10 m

surveillance 
camera

Diagram 8 

8

The rate is –0.0576 rad/s. OR
The angle decreases at a rate of 0.0576 rad/s.

TV 9.5/10

a-
Let the angle the surveillance

1 camera makes be 0 and the

distance from Lo to Li be s .

do

- = Is ✗ %
-

.

t= 1.2m/S tan 0 = ¥5

tan @ = 0 = tan
- ' ¥ Mi

5- EEO
= 7.5(tan 0 )

- I

⇒ = 7.5 [c- 1) ( tan 01-2 Csec201]
= -7

= -7.5
÷ "÷?o )

= _ 7
Sin20

Mt for %
do

Is
= _

4¥ = ✗ dˢ
at

= -
s

✗ i. 2

= -0.165in20 MI

Snb 0 = tan
_' ¥ :

= -0.165inYeah
_ ' ¥ )

= -0 . 0576rad / s

} final As

statement
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motion detector

To study the effects of water waves, a wave generator and a rubber duck were placed in a water tank 
as shown in the diagram above. The height, h metres, from the bottom of water tank was
modelled by h = a cos kt + b, where t is the time in hours after midnight and a, b and k are
constants. The motion of the rubber duck was observed for 60 hours. 
The minimum height of 1.4 m from bottom of water tank was first recorded at midnight on Day 1.
The duck reaches minimum height again at 16 00 on Day 2.
After 60 hours, the duck reaches a height of 2.4 m.

h m

power  
supply 

vibrator

(i) Explaining each of your values, find a, b, and k. [3]

* movement of vibrator:

Diagram 9 

direction of 
wave travel

9

a = –0.5
Explanation: |a| / positive value of a represents amplitude which is maximum displacement from 
rest position/equilibrium, and amplitude = (maximum h – minimum h) / 2 = (2.4 – 1.4) / 2 = 0.5 m, 
and since the graph starts at minimum point, a is negative, hence a = –0.5 . [1]

b = 1.9
Explanation: b represents the constant distance of h from equilibrium position which translates 
the graph up, hence b = (2.4 + 1.4) / 2 = 1.9 [1]

k = —

Explanation: Since the duck reaches a minimum height of 1.4m again only on Day 2 after 16 00, it 
took 40 hours for the duck to reach minimum height again, hence the time taken for one complete 
wave, otherwise known as the period, is 40 hours. 

Hence, since period = –– ,  — = 40, k = –– = ––
[1]

π
20

2π
k

2π
k

2π
40

π
20

:

Baa
'

⇒

÷

A

☒

explanation + answer → -1m

iii.
( )
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(ii) Hence, sketch the graph of h = a cos kt + b, for 0 ≤ t ≤ 60. [2]

(iii) How long does the rubber duck remain above 2.0 m during this period of 60 hours?
[2]

(iv) It is further given that after 60 hours, the operator adjusted the vibrator such that it oscillates 
up-and-down at a greater displacement from equilibrium and at a faster rate. 
The graph starts from t = 0 again at the lowest point.
State and explain how the values of a, b, and k change, if at all. [1]

O
t / hours

h / m

a decreases. Due to greater displacement from equilibrium, and since a is negative, the magnitude of a 
increases hence a becomes more negative, a thus decreases.
b remains the same.
k increases. Period decreases, hence k increases by T = 2π / k / period is inversely proportional to k.

MI for smooth graph

Mi for axes + points indication

☒

2.0

1. 9
- 1

1 1 68 *to

☆ 9110

a.
+ + , ,q

◦≤ + ≤ 60
h= - 0.5 css

◦ ≤ ¥◦t ≤ 321
-0.56s t -11.9 > 2

◦ ≤ t ≤ 9.4248

-0.5 Css t > 0 . I

css 1- < - ¥

I
got

< Css
-

t - ¥ ) Mi

✗ of t = 1.3694 ( 5s .-f)

t = 1.7722 / 4.5110 , 8.0554 155 > f.)

1- = 11,282 , 28.718 , 51,282
(5s . f)

Time taken= 28.718 - 11.282+60-51-282

= 26.154 hours =2is A1 (nearest min)

☆ I F=T↓

9/10 a

c- not needed
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 A  B

C

D

 P
θ

5 cm

E

8 cm

r cm

Look at the figure below. In the diagram, two circles with centres A and B and radii r cm 
and 5 cm, are right next to each other as shown. Lines CD and EP are tangents to both 
circles, and AEB is a right angle. AP = r cm, BC = 5 cm, and CD = 8 cm. 
Angle EAP = θ, and θ is always an acute angle.

(i) Show that the area of trapezium ABCD, A = 4( ————— + 5) cm  .8 tan θ – 5
tan  θ

2
2

[2]

Diagram 10

10

5
•

BY ai-ol
•

r? ao
't

to
e N

s

☆ error
=

7/10

A-D= AP = r cm (tangents from an external point]
<DAE = LEAP= 0 (tangents from an external point]

tan @ =
DE
r

DE = r tan 0

LABE= 180°- 90°- 0 (angle sum ina b)
= 90° - O

LCBE = LABE = 90°- 0 (tangents from an external point]
r= 871¥05 MI

tan (95-0) = m ,
5

A = £ (r -1 5) (8)tano= I
CE

= 418%1%5- + 5) em
2

CE = ÉÉNO

✓ tano + 5- (shown)
tan 0=8

rtano = 8tana⇒
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(ii) Hence, show that –– = ————————— .

Explain the significance of this expression.

dA
dθ 

4(–8 sin θ + 10 cos θ)
sin  θ3

[3]

This suggests that the rate of change of the area of the trapezium with respect to the angle θ /

 angle EAP is –––––––––––––––––––. 
4(–8 sin θ + 10 cos θ)

sin  θ3

☆

9. 5/10
A- ↳ (8%19--05+5)

5
= 4 tano -⇒ + 5)

= 41840in OF 5(tan 01-2-15 )

4^-0=4-(81-1) (tano) -2 (Seato) - 51-2) (tano) →(secret]
= .it :÷:-. :÷:]
= 4 ( 8sec20tano-110sec20 ) m ,

tan30

-

-41%58-1 ofSino
Css30

-85in 0+10050

y
= 44 Css30

sO MI

Css30

=
4C-85in0+10050 )

sin30

[shown)

inst .

A

F- I not accepting
'
gradient function

'

ur

↳ implies there is
a line /graph
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(iii) It is given that as θ varies, the value of  –– = —— .

By expressing the numerator of the expression of  —  from (ii) in the form

R cos (θ + α), where R > 0 and 0˚ < α < 90˚, solve for the area of the trapezium.

dA
dθ 

4
sin  θ3

dA
dθ 

[5]±
8110

DA 4

a-o-si.IO

4C-85in0+10050 )
=
4-

sin30 5m30

let 815USD-45in 0 1=8 [Ross (0+0)] , R> 0 , ◦ ◦ < a <90° .

5USD - 45in@ = Ross (0+0)

5USD -45in D= Ross class a - Rosin 0 Sino

Sasso -45in D= (Ross a) csso
_

(Rsin a) sin 0

By comparing ,

Russ 0=5 -①

Rosina = 4 -② M2

②÷ ① : ①2+022 : -1 if one - two parts
Rosina ± missing=

5 R2(sinzitcss
-a) = 25-116 § , ,µµ,tan ✗= ¥ R2 = 41

✗ = can
- ' ¥

R=F' CR> °)
missing

= 6.40 (3s.fi
= 38.7° (Id .pt

common

mistakes: loss :

a = ✗ - I
5-osso - 45in D= Floss (0+38.6600)

3 for R- formula pounding - I

815USD-45inch) = 8hr41 cos (0+38.6600) /
= 51.205/0+38.73 A /

1 for A

-

8THus (0+38.6600)=4

cos (0+38.6600)=2%4,
0-138.6600=85

.
521° (3d -p. )

0=85
.
521° _ 38.660°

= 46.861° C-

A-= ↳ (
Stan 46.861° -5

+ 5)tan246.861°

=
32.424 (5- 5. f.)

= 32.4cm≥ (35> f.) A)
-
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The diagram below shows the values of the gradient function and its second derivative function of a 
real function y = f(x), where f(x) is a function not to be determined.

Diagram 11 

(i) In Diagram 11, fill in the empty boxes with the correct symbol ‘+’, ‘–’, or 0. [1]

(ii) Using Diagram 11, identify the stationary point(s) of y = f(x) from 0 ≤ x ≤ 3.1 and determine 
the nature of the stationary point(s). [1]

(iii) Determine the number of stationary point(s) of the graph y = f’(x), if any, from 0 ≤ x ≤ 3.1 and 
determine the nature of the stationary point(s), if any. [1]

11

Stationary point: x = 1
Nature: By First/Second Derivative Test, x = 1 is a maximum.
Stationary point: x = 3
Nature: By First/Second Derivative Test, x = 3 is a minimum.

1 stationary point.
By First Derivative Test, this stationary point is a minimum.

Note: allow ‘Second’ only if (i) is correct

maximum -3%1<0 minimum→ da÷d > o

c-
/
-

\
I
_
/

- -
- - -

t +
-
'

↳ closeted
↓ ↳¥?I ↓

most 3
most

suitable
suitable

\ /
E.

2/10

/

6/10

=

8110
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(Updated)

12* In the diagram, A and B are two fixed points on a horizontal ground and a projector is positioned 
on the ground at L which is x m away from B. The projector casts a beam of light on a screen CD, 
of fixed height 5 m. C is the bottom of the screen, where BC = 4 m. 
Angle CLD is α˚ and Angle BLC is β˚. Assume that the thickness of the screen is negligible.

AL
B

C

D

α˚
 β˚

5 m

4 m

 x m
(i) Express tan α˚ in terms of x. [2]

6 m¥< >

<

'

>

8110

tanÑ= ¥ tanto+ B)
◦

=
9-
✗

tan&+ tanB°
= 9-

1- tan Etanp° ×

¥ +tan ✗°
= 9- MI

1- ¥tango
×

✗ (¥+tand) = q -
36

Itamar

4+ ✗tan£-9- ¥ tan ✗
✗ tanat 3¥ tan o°= 5

(K-13¥) tank 5
tan a°=
5-
✗ + ¥

=
5-
K2-136
( z

)

= 1¥30µ
- At
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(ii)

[2]

Due to numerous faults in projector L, projector L is replaced with projector M that has a much wider 
range of projection.
In order for projector M to cast its full image on a screen, the screen itself has to extend long enough 
in order to capture the full virtual image, and the image now reaches point B, the lowest point on the 
screen. The projector is able to cast its image, yet some of the image is still cut off and unavailable to 
view.
The angle the projector needs to cast such that a full virtual image is shown on the screen is given by 
acute (α + 2β)˚ .
Hence, the operator moves the projector in front by 6 m to position A, and now a full image is shown 
on the screen.
Find the value of x.

☆

☆ 9110

tanps = ¥ tanto+ B) =
9-
✗

tan (a -12ps) =
tanto+B) + tamp
1- tancats)tanp

= cÉ+¥_)
1- LIKE '

=

' -÷
= ¥÷( ''¥1 )
= ×

36

=
M'

AB= (x - G) m

tan la-12ps)=¥g

Éo=¥o
II.
Ck+ 6)(x-G)

= ¥6

= a

13K = 9×+54

41=54

2=13-5 At



 y

 x
O

 y = 2 cos x – 3 cos (3x)

 x = ––π3

 x = —5π6
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(b) Look at the diagram below. It shows the graph of y = 2 cos x – 3 cos (3x) plotted for x > 0.

Two vertical lines, x = –– and x = –– are shown below.

Calculate the exact shaded area bounded by the two lines and the curve below.

π
3

5π
6

Diagram 13.1

[4]

This implies that the curve x = f(y) intersects the y axis from y = a to y = 2a, such that the 
area of the curve from x < 0 is equal to the area of the curve from x > 0, from a < y < 2a. [1]

(Updated)

13* It is given that x = f(y) is drawn on a graph.

Given that ∫   x dy = 0, what will this imply about the geometrical interpretation 

of the graph of f(y)? 

2a

a

(a)

[1]
(i)

(ii) Given further that 3x = –8 sin  y cos  y + 1, what is the smallest possible value of a?2 2 [1]

☆ 9110

y

3)(= - 86in gassy>2+1 period = = ¥
= -8 (£sin2y)2 -11 >

✗

a = -
I

= -2s.in-2g-11 2- a°g= I-25in-2g
3x=css4y ,a%→ =

k=±css4Y3

8.5/10

^

4 ,,,
,

,

y=2cssx - 3css3x

Sub y=o : 2cssx= 3(4css3x - 3cs.sk)

2cs.SK = 12653k - 9cssx
ZCSSK- 36532=0

0=120053×-11 Css x
2cs.sk = 3(cos (22-1×1)

0 = csSk(l2css2x - 11 )

zcssx = 3 (cos 2k ASK - Sin 2K Sink) cssx = o or 12032×-11=0

2cs.sk
= 3[(2052k - 1) cssk - (zsinxcssx) sink] ✗ = ¥ 052k = ¥2

zcss ✗ = 3[2css3k - Usk - 25inZKCSSX] = 1.5708 Css K=£fÉ
(55. f)

265K = 3[2css3x-cs.SK - 2(I -csszxks.sk] ass x=fÉ or Css ✗ = -

205K= 3 [2css3k-cs.sk - 2005K + Less 3k] K = 0.29284 ✗ = 2.8487 (5s_f)

265K= 3(4css3x - 3cssx) M1 From the diagram, ACEY , ° ) - MI
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(Continuation of working space for question 13 (b) )

(c) The diagram below shows part of a curve of y = –– .1
x 2

Show that the area of the shaded region is –– units  .

Hence, without any other calculations, explain why 

25
6

[2]
You may annotate or sketch out anything on Diagram 13.2 to explain your answer.

The left hand side of the inequality represents the summation of rectangles in Diagram 13.2, as each rectangle would have a breadth of 1 

unit, and length –– units, where 2 ≤ x ≤ 6. The right hand side of the inequality represents a similar summation of rectangles, except the 

length is now ––––– units  , where 2 ≤ x ≤ 6.

  1
 x 2

Diagram 13.2

< –– +
 1
12

2

  1
 (x – 1) 2

2

g-÷12nsK- 3ns 3k de zcssx - 3 cos 3K doe + / /
¥"
2Css x - 3 Css 3K DX /I I

= 2sink - 3 ({sin 3K ) + C z 2

¥
= 25in >c- sin 3k + c = [2s;nx - sin 3k ]

¥
+ /[Zsinx - sin 3x ]

¥
/

¥

= { (25m¥ - sin ¥) - ( 25in - sink) } + /{12 sin 5¥ - sin 7- Casing - sin ¥1} I2

= { (2C , , - c- 11 ) - (253-2) - ◦ )} -1 / {12cL) - (1) )- (2cm - C- 1 ) )} I m ,

= 3-53-+1-31

=(6-1) units At

Mt for sketch 01☆ 9/10
relevant explanation

É¥
1¥, I¥ii. i.

is
!# doc = 5,6×-2 dx

= -1- ± ] ?
= {c- to) - c- ;-) } = % units≥ At

- =

Since

El summation of
< [ ±, de <

summation of

rect . length ¥ units rect . length z units]
+¥ '-¥+¥+¥< E. < ÷. +¥ - ¥ + ÷
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14 The diagram shows a right circular cone in a sphere with centre O and radius 40 cm.
The vertex of the cone, N, and the circumference of its base lies on the sphere and the centre of the 
sphere is on the axis of the cone.

Given that the radius, height and volume of the right circular cone are r cm, h cm and V cm 
respectively, by expressing V in terms of h, find the stationary value of V, and determine the 
nature of this value without any stationary tests. 

3

[5]

Diagram 14

The original equation of V when plotted 
against h would give a negative cubic 

graph, hence the graph would first 
reach to a minimum, then a maximum.
Since h = 0 is the first stationary point 
albeit not possible to be V, the second 

point h = 160/3 has to be a maximum.
[1]

9/10 dv
☆ N

Using Pythagoras / Theorem , In -_ 0 :

(h- 4012+7=402 ÉCIGOH- 3421=0
40 h2 _ 80h -11600 + V2 = 1600

160h - 342=0
✗ 0 r2 = 80h- h2

↳° h(160- 3h) = O
h- 40 ✓ =2 (r > 0)

h=0 or 160-34=0
1-

r × ✓= 13hr2 h
(reject as h=

'¥ cm At

h> 0 )
= { a /80h- h2) h

✓= [801%92 _ (
'¥13 ]

=
80h2- 43

let ✗ be the centre of the base area 3-
TL

= 79 431 . 9 (6s -f.)of the cone .
= ¥(80h2- h} ) Mi = 79 400cm

} (3s .FI Al
NX passes through centre of circle .

dv
(perpendicular bisector of chord) In

= ¥ [ 160h - 3h2]
NX= hcm

OX =L- 40cm =

Ég ( 160h- 3h2 ) M1
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Continuation of working of question 14
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15 In predator-prey relationships, the number of animals in each category tends to vary periodically.

In a certain habitat, the populations of foxes (F) in thousands and rabbits (R) in thousands are 

modelled by the equations: F = 300 – 125 sin — and R = 1200 – 650 cos — . πt
4

πt
4

(ii)

[1]

Given that the amplitude of R (600) will be higher than the amplitude 
of F (125) , the increase in population of R will notably be higher than 
the increase in population of F, hence the highest population of R will 
have a greater magnitude than the highest population of F.
The highest population of R occurs at half of the period which is 
8 / 2 = month 4.
Hence, month 4 will have the highest population of foxes and rabbits.

(i)

[2]

Using the above models, determine which month(s) in the first year will the population of   

rabbits be four times as much as the population of foxes.

It is given that t is in months.

Without using the R Formula, predict the number of months it would take for the total 

population of foxes and rabbits to be the highest within a period of 8 months, and show your 

workings clearly.

F-
◦ ≤ + ≤ 12

R=4F
◦ ≤ ≤ 32

1200 - 65065T¥ = ↳(300 - 1255in ) ←

1200 - 650 Css
= 1200 - 500sin -1¥

- 6506s = - 5005in

= tanit
-4

= tan
- ' ¥
500

✗
= 0.915 (3s . f) MI

= 0,915
, 4.057 , 7. 198 (3d. p. )

t = 1 . 17 , 5.17, 9 . 16

2nd month , 6th month , 10th month At

8
8

8110

method 1

population /thousands
method 2

amplitude : period:

graphs in

1850 - - - - -
- -

,

-4
R--1200 - 650 cos 650

µ, , ,R=
-1200 -0500s

"ᵗ

2q=8 weeks
f- = 300 - 1255in 125

550 - T
-

-1
- - l -

__

,

425 - - l - - - - -

!
, ,

I 1 5- = 300-1255in

/ I

1
,

' I
175 - _ -

. I 1 '

'
f I I

> t/months
0 2 4 6 8

Mth 2=1200+175 Mth 6=1200+425

= 1375 = 1625

Mth 4=18501-300 Mth 8--550+300

= 21-50
=850

i.⇒hs
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(iii) The graph below shows the population of foxes F in thousands against time t, from 0 ≤ t ≤ 16.

F / thousands

t / weeks

(a , 200) (b , 200)

(c , 400)

The curve passes through the points (a , 200) , (b , 200), and (c , 400).

Form an equation connecting b and c. Show all workings. [1]

End of paper :)

8/10

C a

C X S

[ a , 400 ) (a-1×6,400 )
↑ ×

I
" lf I

I1

1
a

d ¥• .

I>

a+b= 12 →

]- requireda-1<=8 / a=8- c

a = 8 - c -02

Sub ② into ① :

8 - Ctb -_ 12

b- c. = 4 At

or

b=c-14
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 y = –––––––– – 13
(1 – 2x)3

 x

 y

O

 y =  – –– x + m8
9

 y = –––––––– – 13
(1 – 2x)3 A

B

 y =  – –– x + n8
9

Look at Diagram 13 below. It shows the graph                                plotted along with two different
 
normals that are parallel to each other. The equation                           is a normal to the curve at 

point B  while the equation                           is a normal to the curve at point A below.

 y = –––––––– – 13
(1 – 2x)3

 y =  – –– x + m8
9

 y =  – –– x + n8
9

(i) Find the coordinates of A and B. [3]

Diagram 13

13

(reason for removal: too tedious)
☒

Area of A-103=1-21%-1 ¥-2) ( £1 - £c±4)l£4)
=
3895

⇒ Units
2

-¥
- É
° in

1 A
- - 1-24

-¥ B
-

-¥2

y=(÷,y3 - I → 1- 2x= -2¥

1- 2x=2 or I-2k= -2
= 34-2×1-3- I

-2x= I -22=-3

9%4=3 [C-3) (I - 2x )-" (-21] ✗= -1-2 ✗ = 3-2 M1 for ✗ coordinates

=3 [611-2×1-4] Sub ✗ = -1-2 into ① : sub ✗ = 3-2 into ① :

= ¥ y=3_ - I
G-2×5'

m' 1=[1-2%7]} - l[i - 2C-{I ]
}

ᵈa%= - / ÷ - § = -5 = - ¥8

(÷,↳4=§ AL-{ , - Igt BC} , - ¥ )
- -

(¥44= § ↳
a ,
c)

(I -2×14--16
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(ii) Find the shaded area bounded by the curve and the two different normals. [4]
I-3¥

Area A-=) p
- 1) dx = 3J a-2×53 _ [a)

"¥3
5-¥2,43 - I

-I
- I - ±

sub y=o : ]
'¥?
§]

'¥3⇒ [
÷3-

-É
G- 2kg3

= I

⇒ ["
"

] '¥ˢ - [×]"¥(1-2×13 =3
-±-{

1- 2x = V3

-wt - i ⇒{["→"¥ - [" ]} - { '¥ - c-± , }✗ =
'-3¥

=/-0 , 10581 / units
2 (5s.f. )

= 0.10581 units2

equation
of normal :

y
- C-¥)= -8-91×-3-2) y

-c-F) = -G- (x -1£)

y-1¥ = _ {✗ + § y+¥= - { x - ¥

y=
-{ x -¥ y=

-{x - 7-772
Sub y=0 :

{x= -£4

x= -21, ÷ §
=
_ ¥4

Area of A-103=1-21%-1 ¥-2) ( £1 - {(2+4318-4)
=
3895

⇒ Units
2

Area B=
3895
- - 0.10581
9216

= 0,31683 (5s.f)
= 0.377 units≥ (3s>f.)


