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I Chapter 5: Graphing Techniques 11 I

Content outline :

o

Effect of transformations on the graph of y = f(x) as represented by
y=af(x),y =f(x) £ a, y=f(x+a) and y = f(ax), and combinations of
these transformations

, Relating the graphs of y =|f (x)|, y=f(|x|),and y= to the graph

1
f(x)

of y="f(x)

!
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1.1 Translations

(1) Graphs of the form y=f(x) + a

Example 1
The diagram below shows the graphs of y = X2, y= x% +5 and y= x2 -3 on the same axes.

How are the graphs of y = x? +5 and y= x2 —3 related to the graph of y = x2?

Solution:
The graph of y = x* +5 is obtained by

translating the graph of y = x*

The graph of y = x* -3 is obtained by
translating the graph of y = x*

e |- y=x-3
-3

This can be generalized as follows:

Fora >0,
the graph of y = f(x) + a is a translation of the graph of y = f(x) by a units in the positive y
direction,

the graph of y = f(xX) — a is a translation of the graph of y = f(x) by a units in the negative y
direction.

Note: This transformation affects the y-coordinates only. The x-coordinates remain
unchanged.

Example 2:

Given the graph of y = f(x) below, where f(x) = x24 5 sketch, on separate diagrams, the
+

graphsof (i) y=1(x) +1, (i) y = f(x) - 2.

N Students may use the GC to
y check the accuracy of their
answers. However, this may

L take a longer time.

X
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Solution:

(i) y (ii)

v

(I1) Graphs of the form y = f(x — a)

Example 3

The diagram below shows the graphs of y = G

, Y= (x+3)2 and y = (x—4)2 on the same axes.
How are the graphs of y =(x+ 3)2 and y=(x- 4)2 related to the graph of y = x2?

Solution:
The graph of y=(x+ 3)2 is obtained by

y=(x-4)°
translating the curve of y = G by

The graph of y = (x— 4)2 is obtained by
> X translating the curve of y = G by

This can be generalized as follows:

Fora >0,
the graph of y = f(x — @) is obtained by a translation of the graph of y = f(x) by a units in the
positive x direction.

the graph of y = f(x + a) is obtained by a translation of the graph of y = f(x) by a units in the
negative x direction.

Note: (I) The formal descriptive word to use is “translation”.
Avoid using other vague descriptive words such as “shift” or “move”.
(11) This transformation affects the x-coordinates only.
The y-coordinates remain unchanged.
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Example 4:
The diagram shows the graph of y =f(x) . On separate diagrams, sketch the graphs of

() y=Ff(x-2),
(i)  y=Ff(x+1).

Solution:

() 77T

(i)

Check: Have you ensured that key features such as the given points and the asymptotes in
the y =f(x) graph are indicated in your answers?
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1.2 Scaling

(1) Graphs of the form y=af(x),a>0

(Scaling parallel to the y-axis)

If f(x) is multiplied by a positive constant a where a > 1, the geometric effect is to “stretch™ the
graph of y = f(x) parallel to the y-axis.

If f(x) is multiplied by a positive constant a where 0<a<1, the geometric effect is to
“compress” the graph of y = f(x) parallel to the y-axis.

Example 5:
The diagram below shows the graphs of y =sinx, y=3sinx and y :%sin x, for 0<x<2r,

on the same axes. How are the graphs of y =3sinx and y:%sin X related to the graph of

y=sinx?
Solution:
y
1 y =3sinx The graph of y =3sin x is obtained by
: ling th =i
3l y = sinx scaling the curve y =sin x
11 — yzisin X
2 Y TN / 2 > X
~1 10 N The graph of y :%sin X is obtained by
2_
! scaling the curve y =sin x
31
In general,

For a > 0, the graph of y = a f(x) is obtained from the graph of y = f(x) by a scaling parallel to

the y-axis by a scale factor of a.

i.e. “stretch” the original curve (y =f (x)) away from the x-axis in both directions (a > 1)
or “compress” the original curve (y =f (x)) towards the x-axis in both directions. (0 < a < 1)

Note: (1) Scale factor has no units. Do not write “scale factor of k units”.
(2) The x-coordinates of all the points remain unchanged.
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(I1) Graphs of the formy = f(ax),a>0
(Scaling parallel to the x-axis)

Example 6:

The diagram below shows the graphs of y =sinx, y =sin(2x) and y =sin (% xj :

on the same axes. How are the graphs of y =sin(2x) and y =sin (% xj related to the graph of

y=sinx?
Solution:
A y sin x —sm(2x)
./</y =sin
T n\ 3r
(@) — —\ =
4 2\ 4 2
In general,

The graph of y=sin(2x) is
obtained by scaling the curve
y =sin X

The graph of yzsin(%xj IS

obtained by scaling the curve
y =sin X

For a > 0, the graph of y = f(ax) is obtained from the graph of y = f(x) by a scaling parallel to

the x-axis by a scale factor of %

Note: (1) Scale factor has no units. Do not write “scale factor of k units”.

(2) The y-coordinates of all points remain unchanged.
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Example 7:
The diagram shows the graph of y =f(x) . On separate diagrams, sketch the graphs of

(i) y =2f(x), y

(i)  y=1(3x). 1

Solution:

(l) """""""""""""""" £ e

(i)

Check: Have you ensured that key features such as the given points and the asymptotes in
the graph are indicated in your answers?
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Example 8:
The diagram shows the graphs of y = x3 +1 and y= —(x3 +1). Are these two graphs related in

any way?

Solution: y

_u3
y=x+1 The graph of y:—(x3+1)
1 is obtained by

v
X

y:—(x3 +1)

In general,

The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.

(I1) Graphs of the form y = f(—x)
Example 9:

The diagram shows the graphs of y = x3+1 and y= (—x)3 +1. How are these two graphs
related to each other?

Solution: y4

3
y=(=x)+1 y=x+d
The graph of y = (—x)3 +1 is obtained
3
> y=x"+1
X
O
In general,

The graph of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis.
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1.4 Combinations of transformations

A foolproof guide to obtaining transformations which involve various combinations of basic
transformations, for example, y=cf(bx +a) +d isthe

AM MA Procedure :
Do the transformations inside the bracket followed by those outside the bracket.
Within the bracket, addition is done before multiplication (i.e. horizontal translation followed

by scaling parallel to x-axis).
Outside the bracket, multiplication is done before addition (i.e. scaling parallel to y-axis

followed by vertical translation).

Note:
The AM-MA procedure is just a guide in performing Combinations of
Transformations, it is NOT a THEOREM to be quoted explicitly in

examinations.

THE AM-MA PROCEDURE

To obtainy = ¢ f(bx +a) +d fromy = f(x), remember:
A M M A
Do inside bracket first Finally, outside bracket i.e.
I.e. f(bx + @) which transforms cf(bx+a) + d which transforms
parallel to x-axis parallel to y -axis
v l

Within bracket, do translation Outside bracket, do scale/reflect
first i.e. Add: f(x) to f(x + a) first i.e. Multiply: cf(bx+a)
then do scale/reflect i.e. then do translation i.e.
Multiply: f(x + a) to f(bx+ a) Add: cfbx+a) + d

Note:
Combinations of Transformations can be executed in varied (other) ways but

for the following examples we shall use the AM-MA procedure.
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Example 10:
Describe the following sequences of transformations:

)} y=f(2x + 1)
— represents a translation by 1 unit in the negative x-direction followed by a

. L 1
scaling parallel to the x-axis with a scale factor of 5

X
K w

iv) y=2F(3x-1)+1

For (iv), the graph of y = 2f (3x—1)+1 is obtained from the graph of y = f(x) through a
sequence of transformations.

A — Addition - i

A — Addition -

Example 11:

The graph of y = f(x) is shown below, where points A, B, and C have coordinates (0, 0), (2,1)
and (3,0) respectively. Sketch, on separate diagrams, the graphs of

(Hy=f(2x+1) (iHy=f(1-x) (i) y=2f(x)-1
giving the coordinates of the points corresponding to A, B and C.
yA
B

v
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Solution:

) y=fx) > y=f(x+1) —»y="1(2x+1)
A (0,00 > (-10) > Al(—%,O)

&@Da@De&%@
C: (3.0) - (2,0) - C,(L,0)

@[ y=fx) > y=f1l+x) »>y=f1-x)

A (0,0) > (-1,0) > A,(1,0)

B:(21)>  —B,(-11)
Q@m{ jageu»

(i) y =F(x) >y =2f(x) >y =2f(x)-1
A (00)= |- A,0,-1)
B: (2,1) = ia&@D

C:30) = [-C,(3-1)

yA

Chapter 5 Graphing Techniques Il (Students’ Version) / Pg 11



Jurong Pioneer Junior College

Mathematics (9758) JC1-2023

Example 12:

The curve y=x*+2x—3 undergoes the following transformations, in succession:
A: a translation by 2 units in the positive x-direction
B: a reflection in the x-axis
C: scale parallel to y-axis by a scale factor of 2

Give the equation of the resulting curve.

Solution:
y=f(X)=x*+2x-3 (after A)
y=Ff(x-2)=
(after B)
y=—"Ff(x-2)=
(after C)
y=2[-f(x-2)]=
Example 13:

The curve y=f (x) undergoes the following transformations, in succession:

A: a translation by 2 units in the negative x-direction

B: a reflection in the y-axis

C: a scaling parallel to the y-axis by a factor of 5
The equation of the resulting curve is y =57,

Determine the equation of the curve y =f(x).

Solution:

We work backwards:

Before C : Alternatively, we work
forward:

and we get From  y=f(x)

After A:  f(x+2)
Before B : After B: f(—x+2)
After C: 5f(—x+ 2)

and we get 5f(—x +2) =56 "
Before A : o f(x+2) =7
and we get Let u=—X+2=x=2-u
f(U) — e—(Z—u)+2 — eu
Therefore y =f(x) = Replace u by x
= f(x) =¢"
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2 Other Transformations

2.1 Graphsof y=[f(x)| and y=f(|x|) :

(I) Graphs of the form y = |f (x))|

Example 14:

The diagrams show the graphs of y = x° —2x% -5x+6 and y= x2 —2x% —5x+6(. How are

these two graphs related to each other?

» X >
/—2 0 1\/3 2 o] 1 3

_\3 2
y=X"—2X°-5x+6 y:‘x3—2x2—5x+6‘

The graph of y = ‘x3 —2x% —5x+ 6‘ is obtained by
(a) retainingy =f (x), where f(x)> 0 (the part of the original curve above and on the x-
axis)

followed by
(b) reflecting y = (x), where f(x) <0 (the part of the original curve below the x-axis)

in the x-axis.

In general,
the graph of y =|f (x)| is obtained by
(@) retainingy =f(X), wheref(x) >0 (the part of the y = f(x) graph above and on the x — axis)
(b) reflecting y =f(x), where f(x) <0 (the part of the y = f(x) graph below the x — axis)
in the x — axis.
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(1) Graphs of the form y =f(|x|)

Example 15:
The diagrams show the graphs of y = x> —2x? —5x+6 and y = |x|3 —2x2 —5|x|+6. How are
these two graphs related to each other?

y y:|x|3—2x2 —5|x|+6

A A

» X » X
/—2 0 1\/3 3\ Yo 1\/3

y:x3—2x2—5x+6

The graph of y = |x* - 2x? - 5|x|+ 6 is Obtained by
(a) discarding y = f (x), where X <0 (the part of the original curve on the left of the y-axis)
(b) retaining y =f (x), where x>0 (the part of the original curve on the right and on the y-axis)

(c) reflecting y =f (x) where X >0 (the part of the original curve on the right and on the y-axis)
in the y-axis.

In general,

the graph of y =f (|x|) is obtained by
(a) discarding the part of the graph y =f(x) where x<0 (the part of the y=f(x) curve on

the left of the y-axis)

(b) retaining y =f(x), where x>0 (the part of the y=f(x) curve on the right and on the y-
axis)

(c) reflecting y=f(x), where x>0 (the part of the y =f(x) curve on the right of the y-axis)
in the y-axis.
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Example 16:

The diagram below shows the graph of y =f (x).

Sketch, on separate diagrams, the curves y = |f (x)| and y = (|x|).

y
: A
| y=f(x)
________________________ y=1
5 . X
o 4
| -2
X=—4 |
Solution:
y
A
» X
o)
y
A
» X
0
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2.2 Graphsof y= L

f(x)

Example 17:

The diagram below shows the graph ofy = x-1and y = il on the same axes.
X —

y= 1
x-1

Ya
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In general, the graph of yzﬁlx)

following guidelines:

can be deduced from the graph of y=f(x) using the

Points/Lineson y =f(x)

. . . 1
Corresponding Points/Lineson y = ——

f(x)

1 | (i) x-interceptat (h,0)

(i) Vertical asymptote Xx=h

(i) Vertical asymptote X=h
(ii) x-intercept at (h,0)

2 | (i) Horizontal asymptote y =k , k=0

(if) Horizontal asymptote y =0
(iii) f(x) -

f(x)—

(i) Horizontal asymptote y :%

(i) = s+ oo

f(x)

(i) —— —
X

, No horizontal asymptote

Oblique asymptote y =g(x)

Horizontal asymptote y =0

(i) (h,k), k=0
(i) Maximum point (h,k), k=0

(iii) Minimum point (h,k), k=0

o]

(i) Minimum point (h%)

(iii) Maximum point (h%j

5 | (i) f(x)>0 (curve above x-axis)

(i) f(x) <0 (curve below x-axis)

1
(i) ——>0 (curve above x-axis)

f(x)

1
(ii) ——=<0 (curve below x-axis)

f(x)

6 | (i) f(x) isincreasing as x increases

(i) f (x) is decreasing as x increases

L1 : :
(i) —— is decreasing as x increases

F(x)

o1
(i) m

IS increasing as x increases
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Example 18:
The diagram below shows the graph of y =f(x) .

1
Sketch the graph of y=—-—.
f(x)

Solution:
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Example 19:

The diagram below shows the graph of y = f (x).

1
Sketch the graph of y=—-—.
f(x)

y 4
y =f(x)
____________________________________ y=2
\ y
3 \O
2
Solution:
A
> X
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