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(a) 
 
 
 
 
 
 
 
(b) 
 
 
 
 
 
 
 
 
(c) 
 
 
 
 
 
 
 
 
 
 
 
 
(d) 

CJC PROMO 2010/QN10 

∫ 
x

3 + x dx 

    = ∫ 
3 + x – 3

3 + x  dx 

    = ∫ 1 – 
3

3 + x dx 

    = x – 3 ln | 3 + x | + c 
 
 ∫x2 ln x dx 

=          [ 
x3

3   ln x ] –  ∫
x3

3  
1
x dx 

=           [ 
x3

3   ln x ] – 
1
3 ∫x2 dx 

=           [ 
x3

3   ln x  ] –  
x3

9  + C 

 

 ∫ 
x + 3

x2 + 4x + 7 dx  

= 
1
2 ∫ 

2x + 6
x2 + 4x + 7 dx 

= 
1
2 ∫ 

2x + 4 + 2
x2 + 4x + 7 dx 

= 
1
2 [∫ 

2x + 4
x2 + 4x + 7 dx + ∫ 

2
x2 + 4x + 7 dx] 

= 
1
2 [ ln (x2 + 4x + 7)  +  ∫ 

2
(x + 2)2 + 3dx ] 

= 
1
2 [ ln (x2 + 4x + 7)   + 

2
 3 

  tan–1 
x + 2
 3 

 ] + C 

 
 Let x = 2 sin θ  
            dx = 2 cos θ dθ 
 

∫ 
2x – 1
4 – x2 dx = ∫ 

4 sin θ – 1
2 cos θ   2 cos θ dθ 

= ∫ 4 sin θ – 1 dθ 
= – 4 cos θ – θ + c 

= – 4 
4 – x2

2    – sin–1 
x
2   +  c 

= – 2 4 – x2   – sin–1 
x
2   +  c 
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(i) 
 
 
(ii) 
 
 
 
 
 
 
 
 
 
 
 
(iii) 

DHS PROMO 2009/QN9 
d (sin 2 ) 2cos 2
d

x x
x

  

 

( )
( )

( )

( )

( )

2
2

2

1

sin cos  d  (sin cos ) cos sin d
cos sin

                               ( sin cos ) cos sin d

cos sin
                               

1
1                               

cos sin

x x x x x x x x
x x

x x x x x

x x
C

x x

−

−

−

+
= + −

−

= − − − −

−
= − +

−

= +
−

∫ ∫
∫

C
 

( )
6

2
0

6 6

00

2 2
6

0

sin sin 2 cos sin 2  d
cos sin

1 1sin 2 . .2cos2  d
cos sin cos sin

1 cos sinsin . 2  d
3 cos sincos sin

6 6

x x x x x
x x

x x x
x x x x

x x x
x x

π

π π

π
π

π π

+

−

 = − − − 

−
= −

−−

∫

∫

∫

 

( )

[ ]

6

0

6
0

3 2 cos sin  d
3 1

3 3 2 sin cos
2

3 3 3
2 2

x x x

x x

π

π

= − +
−

+
= − −

= −

∫
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(a) 
 
 
(b) 
 
 
 
 
 
 
 
 
 
 
 
 
 

ACJC PROMO 2010/QN9 
2cos3 cos 3 1 ln sin3 cot 3

sin3 cot 3 3
x ec xdx x x c

x x
−

= + +
+∫  

 

( )
( )( )

2 2 21
16

1 2 2
2 21

4

1 1
1 16 4 1 16

1 1 1 32 1 16
4 32

x xdx dx dx
x x x

dx x x dx
x

−

−
= −

− − −

= + − −
−

∫ ∫ ∫

∫ ∫
 

( )

1 2

1 2

1 2sin 1 1614 324
1 1sin 4 1 16
4 16

x x C

x x C

−

−

 
 = + − +
 
 

= + − +
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(c) ( ) ( ) ( )∫∫ −

−







−
=− − dx

xxx
xdxxx

1
1

1
1lnln1 2

 

= ∫ 





 +

−
−

−
dx

xxx
x 1

1
1

1
ln

 

=
ln ln 1 ln
1

x x x C
x
+ − − +

−
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 (a) 2

1 1
1 1 1 ln ln

ln 2ln 2 ln 2
x xdx dx dx x C

x x x x
= = = +∫ ∫ ∫     

 

(b) 
2 1

2 1 2 11
2 1 2 1

x
x xe dx e dx e C

x x

−
− −= = +

− −∫ ∫   

 
5 4 2 2 31

3(1 tansec sec tan) tand d Cθ θ θ θ θ θ+ ++= =∫ ∫     

 
6 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

JJC PROMO 2010/QN12 
 

(2 6) 2 6A x b Ax A b+ + = + +  

Comparing coefficients of x , 
12 1
2

A A= ⇒ =  

Comparing coefficients of constant term, 3 4 1B B+ = ⇒ =  
14 (2 6) 1
2

x x∴ + = + +  

 

2
4  d

6 13
x x

x x
+

+ +∫  

2

1 (2 6) 1
2  d

6 13

x
x

x x

+ +
=

+ +∫  

 

2 2
1 2 6 1 d  d
2 6 13 6 13

x x x
x x x x

+
= +

+ + + +∫ ∫  

 

2 2 2
1 2 6 1 d  d
2 6 13 ( 3) 2

x x x
x x x

+
= +

+ + + +∫ ∫  

 

( )2 11 1 3ln 6 13 tan
2 2 2

xx x c− + = + + + + 
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(b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Using 
1x
u

= , 

2
1d dx u

u
= −  

 

When 2x = , 
1
2

u = . 

When 4x = , 
1
4

u = . 

 
1 4

3
 2

1  dxe x
x∫  

1 
4 3

21 
2

1  duu e u
u

 = − 
 ∫  

1 
4

1 
2

 duue u= −∫  

1 
2

1 
4

 duue u= ∫  (shown) 

 
1 4

3
 2

1  dxe x
x∫  

1 
2

1 
4

 duue u= ∫  

1
1 22
1 14  

4

 
 du uue e u = −  ∫  

 
1 1 1

22 4
1

4

1 1
2 4

ue e e
 

  = − −   
 

          

 
1 1 1 1
2 4 2 41 1

2 4
e e e e

   
   = − − −
   
   

 

 
1 1
4 23 1

4 2
e e= −  
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(c) 
 

 
2 if   2 

2
( 2) if   2 
x x

x
x x
+ ≥ −

+ = − + < −
 

 
 0

 3

 -3
 2  dx x+∫  

[ ]
 -2  0

3 3

 -3  -2
 ( 2)  d  ( 2)  dx x x x= − + + +∫ ∫  

2  04 4

3 2

( 2) ( 2)
4 4

x x
−

− −

   + +
= − +   

   
 

41 1(0 1) (2 0)
4 4

= − − + −  

17
4

=  

7 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

RVHS PROMO 2010/QN11 
x xduu e e u

dx
= ⇒ = =

 
Then 

( )

2

2 2

1 1 22

1                        
2
1                         

2

x x

dudx
e e uu

u

du
u

du
u

−

 =  +  +

=
+

=
+

∫ ∫

∫

∫

 

-1 11 2                        tan    tan
22 2 2

xu ec c−   = + = +  
   

 

( )

1

0 2

1

0 2

1 1

0 02 2

1 1

0 02 2

4 5   
3 2

2(2 2 ) 1     
3 2

2 2 1 2     
3 2 3 2

2 2 1 2     
3 2 4 1

x dx
x x

x dx
x x

x dx dx
x x x x

x dx dx
x x x

−

+ −
− − −

=
+ −
−

= − −
+ − + −
−

= − −
+ − − −

∫

∫

∫ ∫

∫ ∫

 

11
2 -1

0 0

1 -1 1

0

1 2 2 3 2    sin
2

1 1 0 1 2 2 4 2 3    sin sin
2 2

xx x

−

 −   = − + − −       

 − −     = − − − −          
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  4 3  8  0   
6

24 3 48  
6

π

π

= − − −

− −
=

 

 
8 VJCPROMO2013/QN5 

( )
( )

( )

( )

( ) ( )

( )

2

22 2

2

22

2

22

2

2 22 2

2 22

d 1 (2 )(a) i  
d 1 1

1

1

2 1

1

2 1

1 1

2 1
11

x x x x
x x x

x

x

x

x

x

x x

xx

+ −  = +  +

−
=

+

− −
=

+

+
= −

+ +

= −
++

 

( )
( )

( )

( )

( )

1 1

2 2 22
00

1
11

2 02
0

1

22
0

1

22
0

2 1ii   d
1 11

1 12  d tan
21

1 12  d
2 41

1 1 d
4 81

xx
x xx

x x
x

x
x

x
x

π

π

−

    − =  + +   + 

 − = 
+

= +
+

= +
+

∫
∫

∫
∫

 

2

2

2 2

2

e(b)  RHS = +
1 e

e e
1 e

x

x

x x

x

A

A A
−

− +
=

−

 

 Comparing the numerator to that of the  LHS,   

             
2 2e e 1
1

x xA A
A
− + =

⇒ =
  

 

2

2 2

2

1 ed 1 d
1 e 1 e

1 ln 1 e
2

x

x x

x

x x

x C

 
= + − − 

= − − +

∫ ∫
 

 

If 2x ≥ , then |x − 2| = (x − 2) 

If x >2, then |x − 2| = −(x − 2) 

 



Y5 Topical Revision Package 1 
 

 

7. Integration and its Applications (solutions)  7 

9 
 
 
 
 
 
 
 

HCI/2020Prelim/I/6 
 
 a. 

3e d
5 0.3e

x

x x
−∫  

e d
5 0.3e

10ln

0

5 0.3

.1

e

30
x

x

x

x

C

=
−

= − −

−
−

+

∫  

 

b. 

Let ( )cos ln dI x x= ∫  
 

( )

( )

cos ln
1' sin ln

u x

u x
x

=

= −
      ,   ' 1v

v x
=
=

 

( ) ( )

( ) ( )

1cos ln sin ln d

  cos nl sin n l d

I
x

x x

x x x x x

x x

= − −   

= +

∫
∫

 

 
( )

( )

sin ln
1' cos ln

u x

u x
x

=

=
      ,   ' 1v

v x
=
=

 

 

( ) ( ) ( )

( ) ( ) ( )o

 

n

1

s c s

c cos ln

 cos ln in l

ssin ln o n

l d

d

n

l

 

I x
x

x x

x x x

x

x x x

x x x−   = +

= + −

∫
∫

 

( ) ( )

( ) ( )

2 cos ln sin ln

cos ln sin ln
2

I x x x x
xI x x C

= +

= + +  
 

 
 
c. 
 

 
When 2e 5 0, ln 2.5x x− = =  

( ) .

2e 5 ln 2
2

2e

,
e 5

5

.5

2, ln 5

x
x

x

x

x

− 
 − <

− ≥

−
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3

0
2e 5  dx x−∫           

ln 2.5 3

0 ln 2.5
2e 5 d 2e 5 dx xx x= − − + −∫ ∫  

ln 2.5 3

0 ln 2.5
5 2e 2e 5x xx x   = − + −   

( )
( ) ( )

ln 2.5 0

3 ln 2.5

5ln 2.5 2e 2e

   2e 15 2e 5ln 2.5

 = − + + 
 − − − 

 

ln 2.5 310 ln 2.5 4e 2e 13= − + −  
( ) 310 ln 2.5 4 2.5 2e 13= − + −  

310 ln 2.5 2e 23= + −  
 

10 
 

NJC/2020Promo/6 
 
(i) 

( )

( )

( )

( )

2 2

1
2 2 2

1
2 2 2 2

2

1 12 2 2

2

1
2 2 2

2

 d
1

1 d

1 2 1 d
2

11
12
2

1 1

1

x x
k x

x k x x

k x k x x
k

k x
k

k x C
k

C

−

−

− +

−

= −

−
= − −

−−
=

−

−
− +

+
+

=

⌠

⌡

⌠
⌡

⌠
⌡

 

 
 
 
(ii) 

( )1

2 2
sin  d

1
xkx x
k x

−

−

⌠

⌡  

( )1

2 2

dsin
d 1

, v xu kx
x k x

− ==
−

 

( )
1

2 2 2
22 2

d 1, 1
d 1
u k v k x
x kk x

−=
−

=
−
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( )

( ) ( ) ( )

( )( )

( )( )

1

2 2

1 1
1 2 2 2 22 2

2 2 2 2

1
1 2 2 2

2

1
1 2 2 2

2

sin  d
1
1 1sin 1 1 d

1

sin 1 1 d

sin 1
D

xkx x
k x

kkx k x k x x
k k k x

kx k x
x

k k

kx k x x
k k

−

−

−

−

−
− −

= − − −
−

− −
=

− −
+=

+

+

⌠

⌡

⌠

⌡

⌠
⌡

 

 
 
(iii) 

( )

( )

( )

( )( )

1

2 2

1

2

2 1

2

1
1 2

1 2 2

0
1

1

1

0

2

When 1, sin  d becomes 
1

sin d so
1

sin d
1

sin 1

1 1s
2

1
2 2

π
2

in 1

1 1
2

π
2

4
1 1

4

xk kx x
k x

xx x
x

xx x
x

xx x

−

−

−

−

−

=
−

−

−

= −

= −



 
− + 
 

  
    

 = − + 
 
 = 


− +

−


⌠

⌡

⌠

⌡

⌠

⌡

 

(iv) 
 
Method 1 

( )
( )

1
2

1

2
sin  d

2

1

1 1 π
4

m

m

x mx m x
x m

+

−  

 
 

−
−

− −

=
 
−

⌠

⌡  

Both integrand and limits of integration underwent a translation of m units in the 
positive or negative x-direction so the area under the curve is preserved. 
 
Or  
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Method 2 
Let u x m= −  
d 1
d
u
x
=  

x m= , 0u m m= − =  
1
2

x m= + , 1 1
2 2

u m m= + − =  

 

( )
( )

( )

2
1

2

2 1

2

1

1

0

sin  d
1

sin  d
1

1
42

1 π

m

m

x mx m x
x m

uu u
u

+

−

−

−
−

− −

=
−

= −

  

 
 
 

⌠

⌡

⌠

⌡

 

 

11(a) 
 
 
 
 
 
 
 
 
 
 
 
(b) 

TJC/2014Promo/6 
 

( ) ( )4 2 4

1 1 2

2 2 2
  d   d     d

x x x
x x x

x x x
− − − −

= +∫ ∫ ∫  

[ ] [ ]
( )

2 4

1 2
2 4
1 2

2 2 1  d    1  d

2ln 2ln

2 2ln 2 1 [4 2ln 4 (2 2ln 2)]
1

x x
x x

x x x x

   = − − + −   
   

= − − + −

= − − − + − − −

=

∫ ∫
 

 
Volume of solid generated 
 
 
 
 
 
 
 
 
 
 

( ) ( ) ( ) ( )
3

2 2

2
32

2

1 1 1   1 2   ( 2) d
3

7 2
3 2

y y

y y

π π π

π

 
= + − − 

  

 
= − − 

 

∫
 

y 

x 

y = x  
y = x2 + 2  

x = 1  

2  

1 

3 
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3

7 1
3 2
11   unit
6

π π

π

= −

=
 

 
 

12(i) ACJC PROMO 2012/QN15 

cos 1x θ= − sindx
d

θ
θ

⇒ = −  

1 2

2
2 dx x x

−

−
− −∫  

= ( ) ( ) ( )22 cos 1 2 cos 1 sin d
π

π
θ θ θ θ− − − − −∫  

( )22 cos 1 2 sin d
π

π
θ θ θ= − − + −∫  

( )22 1 cos sin d
π

π
θ θ θ= − −∫  

( )22 sin sin d
π

π
θ θ θ= −∫  

2

2

sin d
π

π θ θ= ∫  

2

1 cos 2
2

d
π

π
θ θ−

= ∫  

2

1 sin 2
2 2

π

π

θθ = −  
 

1 sin 2 sin
2 2 2 2

π π ππ    = − − −         4
π

=  

 
(ii) Note: 

Only two formulas for area, use f ( ) dx x∫  for area between curve and x-axis, and 

1f ( ) dy y−∫  for area between curve and y-axis. 

 
     2 24( 1) ( 2) 4x y+ + − =  

2 2

2

2

( 2) 4 1 ( 1)

( 2) 2 1 ( 1)

2 2 1 ( 1)

y x

y x

y x

 ⇒ − = − + 

⇒ − = ± − +

⇒ = ± − +
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For region R, y < 2, so choose 22 2 1 ( 1)y x= − − +  
Area of R 
= (area between line and x-axis) − (area between curve and x-axis) 
 
 

Area of R  ( )1 2

2
2 2 1 ( 1)x x dx

−

−

 = − − − − +  ∫  

  
12 1 2

2
2

2 2 2
2
x x x x dx

−
−

−
−

 
= − − + − − 
 

∫  

  ( )1 2 2 4 2
2 4

π   = − + − − + +   
   

 

  1
2 2
π

= −  

 
(iii) Equation of curve after translation of one unit in the positive x-direction is 

2 24 ( 2) 4x y+ − =  

 i.e. 
2

2 ( 2) 1
4

yx −
+ =  

 
Required volume 

( )
2 22

0

1d 1 1
3

x yπ π= −∫  

( ) ( )
2

2 2

0

2 11 d 1 1
4 3

y
yπ π

 −
= − − 

  
∫  

= 3.14  
 
Alternatively, considering the original curve (without translation): 

  2 24( 1) ( 2) 4x y+ + − =
2

2 4 ( 2)( 1)
4
yx − −

⇒ + =  

 Required volume ( ) ( )
2 2 2

0

11 d 1 1
3

x yπ π= + −∫  

   ( ) ( )
2

2 2

0

2 11 d 1 1
4 3

y
yπ π

 −
= − − 

  
∫  

   = 3.14  
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13 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b) 

NJC PROMO 2010/QN10 

(i) ( ) ( )2 2 22 2 2d e 2 2 e 2 1 e
d

x x x x x xx x
x

+ + += + = +  

(ii) From part (a)(i), ( ) 2 22 211 e  d e
2

x x x xx x C+ ++ = +∫  

( ) ( ) ( )

( ) ( )

( ) ( )

( )

2 2

2 2

2 2

2 2

3 22 2

2 2
2

2 2 2

2 2 2

1 e  d 1 1 e  d

e e1 2 1  d
2 2

1 1 e 1 e  d
2
1 11 e e
2 2

x x x x

x x x x

x x x x

x x x x

x x x x x

x x x

x x x

x C

+ +

+ +

+ +

+ +

+ = + ⋅ +

= + ⋅ − + ⋅

= + − +

= + − +

∫ ∫

∫

∫
 

4 4
1 1

y yx x
y y

+ = ⇒ = −
− −  

( ) ( )

( )

2
2 2
4
3

3

Volume 4 d 2 2
1 3

8ππ 1.40833      (by GC)
3

12.80197
12.802 units    (to 3 dec. pl.)

y y
y

ππ
 

= − + − 

= +

=

≈

∫

 

 
14 
 
 
 
 
 
 
 
 
 
 
 
 
 
(i) 
 
 
 
 
 
 
(ii) 

RI/2009Prelim/I/9 
Equating the two equations, we have 

4 2 3 0
4

+ − =x x  

Solving,                        
1
2

=x   or  
1
2

= −x  

   1
2

=y     or  1
2

=y  

The coordinates of point A and B are 
1 1( , )

22
− and 

1 1( , )
22

 respectively. 

Area of R = 2
1 3

22 2 2
10
2

3d d
4

x x x x
 
 + −
 
 
∫ ∫  

     = 2 ( 0.11785 + 0.05403) 
     = 0.34 (2 d.p.) 
 

Volume  = 
1
2 2

0

3  d
4

y y yπ  − − 
 ∫  

   = 

1 3 2 2

 0

3
4 3 2

y yyπ
 

− − 
 

  = 35   unit
24

π  
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15(a) DHS PROMO 2010/QN11 

 
At P, 

( )

sin 2 cos
2sin cos cos 0
cos 2sin 1 0

1cos 0   or   sin
2

π π   or   
2 6

x x
x x x

x x

x x

x x

=
− =

− =

= =

= =

 

Thus x-coordinate of P is 
π
6

. 

 

Area required = 
π
2

π
6

(sin 2 cos ) dx x x−∫  

                      

π
2

π
6

2

cos 2 sin
2

1 1 11
2 4 2
1 3
2 4

1  units
4

x x = − −  

   = − − − −      

= − +

=

 

(b) 
 22

20 2

23

20

Area of region Area of region 
4              d  d

4

1 1             4
4 3

8 1 1                     4
12 2

1 1 1                       
6 2

                        

b

b

S T
x x x

x

x
x

b

b
b

=

=

   = −     

 = − +  

= − +

=

∫ ∫

3

 

y 

x 
O  

P  

 

R 
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 2 222

20 2

3
2

3

3

4π d π d
4

1          0.4π 16π
3
1 1          0.4π 16π

3 24
16π 16π          
3 15

b

S T

b

xV V x x
x

x

b

b

   + = +   
  

 = + −  

 = + − +  

= − +

∫ ∫

 

1 2

0
12

0

 Volume of cylinder π d

    π(2) (1) π 4  d

    4π 2π
    2π

SW x y

y y

= −

= −

= −
=

∫
∫  

 

3

3

3

1
2

16π 16π π
3 15

16π π
3 15

80
4.31

S T SV V W

b

b
b
b

+ =

⇒ − + =

⇒ =

⇒ =
⇒ =
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(i) 
 
 
 
 
 
 
 
 

(ii) 
 
 
 
 
 
 
 
 
 
 
 
 

JJC PROMO 2010/QN10 
2 4when 3, 1
5

xx y −
= = =  

3when 3, 1x y
x

= = =      

The curves 
2 4
5

xy −
=  and 

3y
x

=  intercept at (3,1).              

    
2 4 5 4
5

xy x y−
= ⇒ = +                                                            

3 3y x
x y

= ⇒ =                                                                               

Area =  
1 3

0 1

35 4 d dy y y
y

 
+ +  

 
∫ ∫       

        5.83=                            
                
Alternative method 
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(iii) 
 
 
 
 
 
 
(iv) 

Area = 

21 3 3

0 1 2

3 43 d d d
5

5.83

xx x x
x

− + − 
 

=

∫ ∫ ∫   

 
22 21 3 32

0 1 2

3 4Volume 3 d d d
5

xx x x
x

 − = π + π − π   
   

∫ ∫ ∫     

               = 46.2    
      

Volume ( )
2

1 3

0 1

35 4 d dy y y
y

 
= π + + π  

 
∫ ∫   

         

             
1 32

10

5 14 9
2
y y

y
   

= π + + π −   
  

  

             
5 14 9 1
2 3
   = π + + π − +      

  

 

             
25
2

= π     

17 
 
(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
(b)(i) 
 
 
 
 
 
 
 
 
 
 
 
 

RVHS/2020Promo/8 
.d e

d
ex xu u

x
u⇒= ==  

When 0 1.0 ex u⇒ == =  

When ln 3ln 3 e 3.x u⇒ == =  

( )

ln 3 3 33 2

2 2 2
0 1 1

31 1 1

1

e d d 1 d
e 1 1 1

tan 3 tan 3 1 tan

3 1
3 4

3 1.
1

1

1

2

x

x x u u
u u

u

u

u

π π

π

− − −

= = −
+ + +

 = − = − − − 

= − − +

= − −

∫ ∫ ∫
 

[ ] ( )( )

( )

[ ]

0

0
0

0

0

sin d

cos 1 cos d

cos 0 cos 0 cos d

cos

sin cos .

sin

sin sin 0 cos

a

a
a

a

a

x x x

x x x x

a a x x

a a

a a

x

a a
a

a

= − − −

= − + +

= −

=
−
− −

=

∫
∫

∫
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b(ii) 
 
 

 

2

3

3

2

0

3

2 2

0

.

Volume gener

s

ate

4

d
2

i

2

d

2

4 2

4

n  d

sin cos
2

x y

y y y

π

π

π ππ π

π π

π π π ππ

π π

 
 = 
 

= −









= − − 
 

 

=

−


−

∫
∫

 
18(a) 
Part 1 

NJC PROMO 2010/QN12 
Method 1 

dsin cos
d
xx t t
t

= ⇒ =  
1 1sin sin (sin )

2 2

e (sin )e d cos  d
1 1 sin

(sin )e cos  d
cos

e sin  d  (shown)

x t

t

t

x tx t t
x t

t t t
t
t t

− −

=
− −

=

=

∫ ∫

∫
∫

 

 
Method 2 

1

2

d 1sin sin
d 1

tx t t x
x x

−= ⇒ = ⇒ =
−

 

1
1

1

sin
sin

2 2

sin (sin )

e 1 d e  d
1 1

(sin )e  d

e sin  d  (shown)

x
x

t

t

x x x x
x x

t t

t t

−
−

−

= ⋅
− −

=

=

∫ ∫

∫
∫

 

(a) 
Part2 

sin e
d cos  d e
d

cos e
d sin  d e
d

t

t

t

t

u t v
u t v t
t
u t v
u t v t
t

= =

= =

= =

= − =

∫

∫

 

e sin  d e sin e cos  d                        

e sin e cos e ( sin ) d  

e sin e cos e sin  d

t t t

t t t

t t t

t t t t t

t t t t

t t t t

= −

 = − − − 

= − −

∫ ∫
∫
∫

 

Hence, ( )1e sin  d e sin cos
2

t tt t t t c= − +∫  
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( )

( )

1

1

sin

2

sin 2

e  d e sin  d
1

1 e sin cos
2
1 e 1
2

x
t

t

x

x x t t
x

t t c

x x c

−

−

=
−

= − +

= − − +

∫ ∫
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(b) Method 1 
2

32

21

Volume of cone generated by Volume generated by 

3

21

3
1

1
3

1 1

1

1 2(1) (1) d
3 3

4 d
3 3

4 tan
3 3 3

4 3 1tan tan
3 3 3 3

4
3 3 63

y x C

V x
x

x
x

x

π π

π π

π π

π π

π π ππ

=

−

− −

 
= +  

+ 

= +
+

  = +   
  

    = + −    
    

 = + − 
 

∫

∫





21  or 4.85
3 3
π π = + 
 

 

 Method 2 

( )
2

1 32

20 1

Volume of cone generated by 
Volume generated by 

13 3

21
0

3
1

1
3

1 1

1

2d d
3

4 d
3 3

1 40 tan
3 3 3

4 3 1tan tan
3 3 3 3

y x
C

V x x x
x

x x
x

x

π π

π π

π π

π π

=

−

− −

 
= +  

+ 

 
= +  + 

   = − +        

    = + −    
    

=

∫ ∫

∫





4
3 3 63

21 or 4.85
3 3

π π ππ

π π

 + − 
 

 = + 
 

 

Method 3 
Alternatively, using the graphing calculator, 

 
 
V = 4.85 
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19 
 

(i) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(ii) 
 
 
 
 
 
 
 
 
 
 
(iii) 

 JJC PROMO 2009/QN12 

Let  ( )ln 1u x= +      
d 1
d

v
x
=  

 
d 1
d 1
u
x x
=

+
  v x=  

( ) ( )
1 11

00 0
ln 1 d ln 1 d

1
xx x x x x

x
+ = + −   +∫ ∫      

           
1

0

1ln 2 1 d
1

x
x

= − −
+∫   

( ) 1

0
ln 2 ln 1x x= − − +    

 [ ]ln 2 1 ln 2= − −  
2 ln 2 1= −  

 
      
 Area 

1 1 1 2 1 3 1 2 1 1ln 1 ln 1 ln 1 ... ln 1 ln 1n n
n n n n n n n n n n

− −         = + + + + + + + + + +         
         

 

1 1 2 1ln ln ... lnn n n n
n n n n
 + + − +      = + + +            

 

1

1

1 ln
n

r

r n
n n

−

=

 +  =     
∑  (shown) 

 

Using (ii) and GC, we have
99

1

1 100ln 0.38282
100 100r

r
=

 +   =    
∑   

Using (i), 
99

1

1 100ln 2ln 2 1
100 100r

r
=

 +   ≈ −    
∑  

 
Hence,  2 ln 2 1 0.38282− ≈  
  ln 2 0.691≈   
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20 ACJC PROMO 2008/QN11 
 
 
 
 
 
 
 
 
 
 
 
 

( )( ) 3
 2

62 area of shaded rectangle 7 1 7x dx
x

 + > = = 
 ∫  (shown) 

 

( )( ) 3
 2

62 8 1 8x dx
x

 + < = 
 ∫  (shown) 

 

( ) ( )
 3 3 2

 2  2

6 32 6ln 9 6ln 3 4 6ln 2 5 6ln
2

x dx x x
x

   + < + = + − + = +    ∫  

( )3 1 1 7 5 6ln 8  ln 1.5
2 3 2

∴ < + < ⇒ < <    3,  2p q∴ = =  

 

x 

y 

O 2 

 

3 

8 

7 


