Chapter 15B: Trapezium Rule and Simpson’s Rule

SYLLABUS INCLUDES

H2 Further Mathematics:

« Approximation of integral of a function using the trapezium rule and Simpson’s rule

PRE-REQUISITES

 Integration techniques
e GC skills in using the summation function

CONTENT
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1  Approximate Methods for Evaluating a Definite Integral

The following are some reasons which may lead us to look for an approximation to a definite

integral: ;
(a) we may not be able to integrate the given expression, i
(b) the amount of computation needed to find the exact value of the integral may be excessive, |

|

(c) we may not know the expression to be integrated but have only a set of its values.

As such, we may need to use numerical integration to help us get an approximation of a definite
integral. There are two methods which we will study. They are: Trapezium Rule and Simpson’s

Rule.
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Trapezium Rule

Consider the curve, y = f(x), where f(x) > 0 in the interval [a, b].

_ . % unded by
To obtain an approximate value of J f(x) dx, i.e. an approximate value of the area e

a ‘ums as
the curve y = f(x), x = @, x = b and the x-axis, we can sum up the areas of the trapez

shown below:
YA

y = f(x)
AT

- N

i’ N
A
A

Yol M| | ¥ Yoa | Yna| Voo | ¥,
AI A2 A3 An—Z An_] An
O| a 6}‘1 /?» b x

So we have
b
J- f(x) dx = Area under the curve fromx=atox =5

~ Area of trapezium 4, + Area of trapezium 4, + ... + Area of trapezium 4,

< |

\

= —%_L(jo-&‘j,).y:l{k(y,.sjﬂ '3 ﬁ“(‘j,ﬂ; *MJS'“ cj“li-jf\q){" %‘\ (“7“‘ FLj n7

= i\n(jo-\ lj\ + P 0y 4 ‘j,\)

Hence, the Trapezium Rule for (» + 1) ordinates (i,e. Yo> Yi» Vs -+es ¥, ) Is given by:

1

b
L f(x) dngh[yo’*'z(yt"'yz L +"'+yn-2+yn—l)+yn]’

where h=""2, y, =f(a), y,=f(a+h), y, =f(a+2h), ..., y, =f(b).
n

Note:

(1) The smaller the value of , the more accurate the approximation will be.

(2) (n+ 1) ordinates form n trapeziums.

(3) The trapezium rule may be used to obtain an approximation to the value of any definite
integral which might be the value of a solid of revolution, length of an arc, etc.
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1.2 Error in Approximation When Using Trapezium Rule

Consider the 2 curves, y = f(x) and y = g(x), where f(x) > 0 and g(x) > 0 in the interval [a, b].

(a) When the curve, y = f(x) is concave downwards (i.e. {"(x) <0), then the approximation to

!b f(x) dx using the trapezium rule is smaller than the actual value Ib f(x) dx, i.e. the

estimate is an under-estimate (see Figure 1).

(b) When the curve, y = g(x) is concave upwards (i.e. g"(x)>0), then the approximation to

b
J. i g(x) dx using the trapezium rule is larger than the actual value Jb g(x) dx, i.e. the

estimate is an over-estimate (see Figure 2).

— y =fx)

y=g(x)

h h
Figure 1 Figure 2

Example 1

Use the trapezium rule to obtain an approximate value (correct to 4 decimal places) to each of the
following integrals, stating with a reason in each case, whether the value is more or less than the actual
value.

¢ ]

(a) IOH&

dx  using 5 ordinates.

(b) Y dx using intervals of 0.2.

0

() I:\/sinx dx  using 4 equal strips.
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Solution:

(a) For 5 ordinates, we have

Lt t o) =

1
and so we have y,
+x ‘

\j.:fr(\):

By trapezium rule,

: -
Sbﬁ\—;—'ﬁ Rﬁ%k]_ﬁ

By looking at the graph of y =f(x), it can be seen that

(b) Forintervals of 0.2, we have

=f(0)=1,

|
=]

Let g(x)=¢" andso y, = g(a+nh), where a=0.

Thus we can have the following table:

i

.n {0 _V‘_z
1 b\ el )
el = }(0'4) :eo.‘H 3

JENPAY 0.6
B UG=e
v, =(0.8)=¢"

Note that GC can be used to create the table of values as shown below:
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NORMALTFLOAT RUTO FREALTRADIAN "HP . n HORMALTFLOAT, AUTO JREALRADIAN HP 7 ﬂ NORHA OAT AUTO 'REALYRADIANHP 1
Plotl Potz Plot3 TABLE SETUP 0)( 1\’1
........................ R TTRI RO :
E\Y 4 ge (00270 I?iiii‘rt (5} % 12322
n\yz-— ........................................... Indent: Ask 3
= - 5 2.7183
E\Y3= Depend Ask : A4
E\Ya= £
8 12,936
R\Ys= 9 25.534
E\Ys= 10 5y 598
!.\Xff Y1=1.89648087931

By trapezium rule,

(97 Xy S22 Gt

b

= |19k

Now, since (ﬂc}q:ef% a,(k);ue\ 1
900 (e ()
so y=g(x)is

-0
ns =
(¢) For 4 equal strips, we have t O"& hs 4

Applying the trapezium rule using GC, (T -
b

Trapezium rule can be applied using GC in the way demonstrated below:

NORMAL FLOAT: AUTO REAL RADIAN'MP n HORMAL' FLOAT- AUTO" REAL' RADIAN. MF - n

Ploti Plot2z Plot3

3
........... s zsr.[Yi(m+zxgi(v1(xn+v1(4)]
B\v18[sin(o+47 ) 2.106275164
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\
Let k(x)= Jsinx . Now, since Tl

ko) =fonx =7 KIK) =3 Cny) *(Gosy)

o e ot O

st
S0 y:k(x) is ‘?cpnraue Cﬂﬁuﬂuwtpj g—LQP L‘Qﬂ(ﬂ, 'JLL( a’Y)']O‘UX%
5 [Qf?“lfkw\amq{v\

Example 2 [9205/1992/01/Q18](modiﬁed)
Itis given that f(x) =

and the integral J;f (x)dx is denoted by 7.
1++/x

()  Using the trapezium rule, with four trapezia of equal width, obtain an approximation /, to the
value of /, giving three decimal places in your answer. ¥
(i) A sketch of the graph of y =f(x) is given in the diagram. !

Use this diagram to justify the inequality 7 < dee.

0
(iii) Evaluate I,, where [, = %Zf (%rj , giving three decimal places in your answer, and use the
r=1

diagram to justify the inequality [ > Iz,

Solution:

1-0 -
(i) For 4 trapezia, we have n=4 and h= 0 .25,

So we have the following table:

n yn
0 l

l 0.3IcSo
pY

3

51 o0yl

. = Bl =
By trapezium rule, using GC, |~ 1, Olqégl‘f) 0.1 935&’{"5
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(i) As can be seen from Figure A, Y

y=1()

X

I= Sum o Hho okas oL » er‘? 035 05 075 | Figure A
ey
>/\d~eq% Eouh%& .03 L ks 4

T P
™ %? M xox,

Figure B

y=1fx)

L |—
wro

As can be seen from Figure B, 0
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ate the arca
nodel a curve. We”can
arca «under” the
angles cannot

1.3 Simpsen’s Rule " nppmxim

jums t
In Section 1.1. we have seen how we can us¢ the arcas Of: tlrz:l);l?‘l'::“l; 1
“under” a curve by the Trapezium Rule, which uses straight ,r(;\'imalc the
casily see that this is an improvement over using rcclangl‘fs i a,l,)]. -c"1 that the rect
same curve because the trapeziums cover more of the “missing arct

cover as shown by the figure below.

P f(\)

0

> 2 curve, using the
i of the curve. This
numerical methods.

However, we seek an even better approximation for the area “under’
Simpson's Rule, where we will use parabolas to approximate each pa
proves to be very efficient since it is generally more accurate than the other

Suppose that the area represented by Jh f(x) dx is divided by the ordinates ¥, Y and y, into two

*

strips each of width / as shown in Figure 3(a).

A particular parabola, say with equation y = px” +gx+r, can be found passing through the three

points: (x, -h,Y), (IpJ’l) and (x, +h,3,).

Simpson’s rule uses the area “under” the parabola as an approximation for the value of the area
“under” the curve y = f(x).

( 1+ A, y2) y=px' tqx+r
X1, )1 M —— - =
(1= h.yo) Z y=1(x) o Ga,yes *

S __,/ :

-

7

[ 7 i
> X
O a a b

Figure 3(a) Figure 3(b)

o~
)
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So we have

%, - FL0x k) - (Xi=h) T
- SO R LA 0 +R) - (xh) t,

= B (6%, h+ W) L (4x h)+2rh

=50p Cox, + k)4 a(ex.)+6r]

Since y = px®+gx+r is the parabola that passes through the coordinates as shown in Figure
3(b), then (x,—A, 3, ), (x, ) and (x +4A, ¥,) are on this parabola, which gives us

Yo =p(x1 -h)2+q(x] —h)+r,
W= px]+gx +r,

¥, =p(x +h)2+q(x,+h)+r.

Observe that ; ‘} N H‘h r
9, ¥4y, +91 = [ Cx,hy4g (x, Ry 1¥ 4p% +qx,+"]+[p(x D 4]

= P[Oﬁ*m T4y 4+ (K0 +h Y |HqlGry 4, +(X ) e

2 gt
= p(ox R qEITET

Hence we arrived at

J.x,m(pxz rqr+r) dx=§[p(6x]2 +21*)+q(6x,)+6r |

x—h

=Lty 4) o Formua )
)

Thus we have I:f(x) dx = g(yo +4y, +y2).
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However, if we divide the interval [a, b] into four subintervals of equal width /, Lo thel::earc \‘
MOW 4 strips, and apply Formula (1) to each successive pair of subintervals, we can Improve on

the approximation of the area “under” the curve y = f(x) as shown in Figure 4 below.

£ |

y
AN
= f(x
7 o
v/
i 23 A \/ o i/ 2 vl s
O a h h h h b = X 0 - 7 \h/ ‘i'\h/. \}1/ b X
Figure 4

In other words, the area “under” the parabola through y,,y, and y, is ]—1( Yo +4y,+,) and the
b 15 o >

13 5y " h
area “under” the parabola through y,, y; and y, is g( ¥, +4y; + y,), which gives us a total area

h
of j(yodr-’lyl +2y2+4y.1+y4).
3 :

So, with five ordinates, Simpson’s Rule is

b h
[ £ dem (3o +4y,+2y, +4y,+,).

In general, Simpson’s Rule is obtained by dividing the interval [a, b] into an even number of
subintervals of equal width 4 and applying Formula (1) to approximate the area “under” the
curve ¥ = f(x) over successive pairs of subintervals. The sum of these approximations will

. b
therefore serve as an estimate of J- fixyd.
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More formally, let [a, b] be divided into » subintervals of width 4 = 74 , where n is even.
n

Let yg, »,, ..., », be the values of y = f(x) at the subinterval endpoints a = . .

n

By Formula (1),

the area “under” the curve y = f(x) over the first two subintervals is approximately
h
E(J’o +4y,+,),

and the area over the second pair of subintervals is approximately

%
§(y2+4y3+y4),

and the area over the last pair of subintervals is approximately

h
g(yn—2+4yn—l +yn)

Adding all the approximations and simplifying, we have the Simpson’s Rule for
(n + 1) ordinates (n even):

b h
L f(x) dng(y0 +4y, +2y,+4y, +2y, +i..+2y,5, +4y, +yn),

b
where h="—", y, =f(a), y, =f(a+h), y, =f(a+2k), ..., y. =£(b).
n

Note:
(1) The use of Simpson’s Rule requires an odd number of ordinates.
(2) For ease of computation, we can re-write Simpson’s Rule by grouping it as follows:

b h
L f(x) dng[yo H4(h -y +e et Y, )20 H Y e 4250, )+ 0,
which gives us an easy way to remember the Simpson’s Rule:

r f(x) dx =~ g[(ﬁrst +last)+4(sum of odds)+ 2 (sum of evens)].
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Examplcl?: . rrect to 4 decimal places) of b
Use the Simpson’s Rule with 5 ordinates to find an approximate value (co
J} Vsinx dx.
Solution:

With 5 ordinates, we have n= 4 g n CR
‘-—-_\-

Lk f(_\-):m and so we have 9,5 £t)=0 4 'L
%ef(F)=2"
J P (:E): ,-t

\jx: F(%y '1
\éq'.:{:fﬂeo

Using Simpson’s Rule,

[ T > dx~3 Mwﬁmydﬂ.*‘ﬂ%‘fﬁ
=5 () lor e

Note that we can use the GC to evaluate the above as shown below:

Plotl Plot2 Plot3

1
........... SR g[vi(@)+\11(4)+4z (Y1(2X+»
I\Y1E|sin[B+T] !

.....................................................
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Note:

In Example 2(c), using the trapezium rule, I:dsinx dx =~ 2.1063 (4 dp), which was an underestimate

of the actual value of _[ :\/sinx dx . The value obtained above using the Simpson’s Rule should be

very accurate since the parabolas that the Simpson’s Rule used fitted the curve of y= Vsinx very

well in the interval [0, ﬂ'] as shown in the diagram below.

NORMAL FLOAT AUTO REAL RADIAN MP

I

>

y

L
: l\flﬁ-__..._.
NS
a4
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Example 4 (Self Read)

Estimate, to 4 decimal places, J'sx Inx dx, using 5 ordinates and applying
3

(a) the trapezium rule,
(b) the Simpson’s Rule.

g . s our estimated
Using integration by parts, evaluate j xInx dx and comment on the accuracy of y

3
values in (a) and (b).

Solution:

wny

~5

With 5 ordinates, we have 5 = 4 and h= T =0.5.

Let f(x)=xInx and so we have Yo =f(3)=3In3,
n=£(3.5)=(3.5)In(3.5),
¥, =f(4)=4In4,
¥, =£(4.5)=(4.5)In(4.5),
Y, =f(5)=5In5.

(a) By trapezium rule,

Lsxlnx dxz%h[y0+2(y1 +y2 +y3)+y4:|

=%§{31n3+2[(3.5)1n(3.5)+41n4+(4.5)1n(4.5)]+51n5}

=11.184855 (6 dp)
=11.1849 (4 dp).

(b) Using Simpson’s Rule,

[ xInx ax z%h[(yn +¥:)+4(% + ) +2y, |

=%{(31113+5h15)+4|:(3.5)1n(3.5)+(4.5)1n(4.5)]+2(4ln4)}

=11.174243 (6 dp)
=11.1742 (4 dp).
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Both (a) and (b) can be evaluated using the GC as shown below:

Plotl Plet2 Py = 7 1
'I'Wila'(sb;ta'.'sx)c"‘fﬁ'(e#ta';sxju'---- %E[Yi(mwi(4)+2x'3§1(Y1(X))>} %‘[Yl(mwl(4)+4x§9(h(2x+>
.......................................... 11.18485467. ............1..................11.-._1.214.24.252_
\Y R LB R LA c 3
BNy e <[Y1(@)+Y1(4)+2x§1w1(x3)]l €4)+4x§0(Y1(2X+1))+2Y1(2)]I
E\Y 4=
ENYs=
B\Ys=
BNY 7=
Using integration by parts,
3 2
1
stlnxd1= —Inx —J.s o [—) dx
g 2 \x
=(£ln5—?~1n3]—r£ dx
2 2 32
25 . 9 27’
=[——1n5—-—ln3]— —
2 4|,
:(2—S~ln5—21n3 L
2 2 4 4
=11.174219 (6 dp)
=11.1742 (4 dp).
=

The trapezium rule gave an estimate correct to 1 decimal place while the Simpson’s Rule gave an
estimate correct to 4 decimal places when both values are compared with the value obtained by

integration by parts.

Moreover, with the percentage errors shown below, it can be concluded that the Simpson’s Rule is

more accurate.

Methods Integration by parts | Trapezium Rule Simpson’s Rule
Value 11.174219 (6 dp) 11.184855 (6 dp) | 11.174243 (6 dp)
Absolute Error 0 0.10636 0.000024
Percentage Error 0 % 0.952 % (3 sf) 0.000215 % (3 sf)
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