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3. Functions (solutions)

10) Let y:2+1 :>xy—2x:1:>x=L
X y—-2
. 1
Hence g :x—>——, x#2
X—2
f(x)=x’(2—x
(i) | Re=R ( ) ( )
D, =R \{0} \ﬂ
R, « D, Hence gf does not exist \
W | g(222)-2
X
2
(3 ~
X X !
1 2
X H=-zE1966 [v=0
using GC, x=-2.62,-1, or —0.382
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+

2@) | f: x— e* xe RY,

Since the graph of f(x) is strictly decreasing,
f is one-to-one

(D,. =R; =(0,1)) 1(
Range of f1= R*

ff1(x) =x, where 0 <x < 1
since D..=D..

Hence f1 exists. o
Lety =f(x) y
y=e*=x=-Iny 4 y=f1x
= f1x)=-Inx
fl:Xx— -Inx, 0<x<1
y=ff "1(x)

y=f(x)

2(b) | g:x > 33X +2, Xe R,

Rg= (2,0) < (0, )= Dy

Hence fg exists.
fg(x) = e @), Dfg=Dg= (-0, 0) or R
fg: x > e ®2 x<0.

(—0,0)—3—(2,00) ——(0,e7?)
ng = (0, 8_2)

y=g(x)
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3(i)

(ii)

(iii)

(iv)

v)

f'(x)= 2x+i2 >0 for1<x<2 = fisstrictly increasing.
X

Since f is strictly increasing, its minimum and maximum values correspond to the minimum
and maximum x values. Thus

a2 o). AR

(2,5
£(x)=F*(x) = f(x)=x WG(O
, 1
= X —;:x _ . # ¥
= xX-x*-1=0 |0 (
= Xx=1.47.

Since Ry = [1,2) = Dy, fg exists.

(L,
Since Rf = [OZ] o [O,Ej = Dy, gf does not exist. > )
2 2 \
fg(x) = f(sinx+1) = (sin x+1)2— ! ﬁ S

sinx+1"
T
Dig=Dg=10,—|.
o { 2)

fg:x — (sin x+1)2 —

- ,XER,OSX<E.
sinx+1 2

[o,gj 9 5[1,2) f{o,%)
ng:{o,gj.
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W [ L —_1
f(x) tanx +1
h'(x) = - sec’ X
(tanx+1)2
since sec’x >0, (tanx+1)" >0 for 0 <x <%
2
h'()=-——— % _<0for0<x<Z
(tanx+1) 2
= h(x) is a decreasing function. ... his a one-one function.
i
W Let y= ! = x=tanl(£—1j
tan x+1 y
h™(x) =tan™ (1—1j
X
(i) | Ry =(1,0), D, =(0,0) ..R; < D, and gf exists. J 'K=ﬁi
1 tanx+2
f(x) =g(tan x+1) =1+ or= >tk
grlx) =g ) tanx + 1 tanx + 1 | ‘ \3 ‘('()
Thus | RN X
gf :x>1+ O<x<Z N r
' tanx +1’ 2 v
) Y s?’(x]
T f g e e j:
01— —)(1,00)*)(1,2) \ _? 2C
R, =(12) o' —>
of T (1,00
5(i)

x+2 +2
£2(x) = x-1 _ x+2+2x—2:
[x+2j_l X+2—X+1

x—1
F3(x) =F(F°(x)) =F(x), and £*(x) =F(f*(x)) =F*(x) = x
fZOlZ(X):X.
5(ii) y
R,=[-1 1) and D, =R\{1} A

Since R, < Dy, fg exists. 16\ /e y=g(x)
| » X
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5(iii) COSX+2

fg:x— , 0<x<2r.
cosx—1

5(iv)
R, =[-1 )—>R,

From the graphs of g and f,

1 i
Ry = [_OO’ _E}' _______________________ L T~
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6(1) | Lety=Ff"(x) 1
y =In(x*-12) y=Ff"(x)

x> =eY +1

!
|
|
|
|

x=1+/e” +1 since x >1 :
|
|
|
|

() =¥ +1, xeR

(i R,. =(=00)
D, = (—oo,oo)
.. R =Dy, ff" exists.
ffi(x)=x,x>1
(i) y 4 y=1f"(x)
(L. 1) > X
?ﬁ‘l = (1’ oo)
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7 | f(x)=3-2x-x?

=4 — (x + 1) -1, 4
For £ to exist, f must be one—one. \J z {3(7‘)
Lk=-1

To find £ : A3 :
Lety=4—(x+1)? / \
= x=-1+.,/4—y

Sincex<-1, x=-1—.4-y

Thus, f x> —1-v4-X,x e (—0, 4]

(i) | Range of f = (~oo, 4], domain of g = [0, 4]
Since range of f & domain of g, gf does not exist.

(iii) | Let X =x+1

glg(x+1) =x+1 veplace
WA
=g7g(X) =X e 3
D, =D, =20<X<4=0<Xx+1<4=-1<x<3
gg(X) 9(x)

Dygin = [1 31— (1)

wioo =Dy = Ropg 1S X <€’ =1<x+1<e’ »0<x<e’ -1

=0, &2 -1] ----- (2

997t (x+1)

Taking the intersection of (1) & (2), set of values of x = [0, 3]

3. Functions (solutions) 7
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8(I) | y=x*—-44x A
= y=(x-22) -4 |
) ! y =f(x)
= X—21 =+,y+ 41 : )
= X=2A++y+44>  since x> 24 ~
1: 5 > X
LOTIXE 244X +4A%, x> 447
8(ii) | For gf to exist, 1 .
f(x)= , —2<x<-1 :
(Lw)=R, D, =(24, ) [+ |
1 (-21/ |
=2A<1= A< :
2 2 1P
- _
8(iii) | When1=-1, g(X)=x"+4x,  x>-2 y=g) AY
5l-
g |
R (L) 5(5.%) -, i7 e
9() | y=F(x) is concave upwards when f”(x)>0

, 2% ) 2(X* +1)-2x(2x)  2-2x?
f(x)=In(x*+1) = f(x):x2+1 and f"(x)= (x2+1)2 :(x2+1)2
2—2x22 >0
(x2+1)

Since (x2 +1)2 is always positive, 2(1-x*) >0
(1-x)(1+x)>0
-1<x<1
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9(i) | y=f(x)=In(x*+1), xeR
y=1f(x)
(i) f* existif x>k, where k > 0. \/
G, 1n2)
(iv) g:XHIn(x2+1),x21.
y=In(x*+1)
Let X’ +1=¢" =
X=+e’ -1
But x>1, therefore x =+/e’ -1
g@)=1In2
R, =[In2,0)
gl(x)=+e* -1, xe[ln2,0) or g :x>+e' -1, xe[ln2,x)
10(i) | Every horizontal liney =k, -2 <k <2, cuts the 04
graph of f at exactly 1 point. 2
Therefore f is one-one and f* exists. y=r) \, y=x
(ii) | set of values of x for which f(x) = f(x) is [0,2]. y=k
N2
(iii) |Fi(x)=3=x=f(3)=-3/4 y :%(4,_2)
(iv) | 3 17 1
f(x)dx = = [(2x=x*)dx = —=
! (x)dx = j (2x-x°) 3
2 3 1) 1 47
-1 = |3x2-Z |+2(2x2)=—
J 00 dx ( 2 3] 2(22)=1,
11(i) y
A
The horizontal line y = a cuts the graph y =f (x) 28)

at most once.
f is an one-to-one function and thus ™ exists.

3. Functions (solutions)
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(i) |For —2<x<0,
X2 For 0<x<2,
y:—Z:”(:i -4y y:x3:>X:$/§
X=—J-4y (since —2<x<0)
o —J-4x, -1<x<0,
f x>
Yx, 0<x<8.
(i) | R =[-10) and D, =[-2,0). Since R, < D,, hg exists.
(iv) X
gh(x)=hg(x)=~"-
Since Dy, =D, =[-2,0) and D,, =D, =[-10),
solution for gh(x) =hg(x) is the intersection of the two domains, i.e.~1<x<0.
12i) Lety =x?—2x-1
2 A y
y=(x-1)"-2
2 y=x
y+2=(x-1) (1.2)
(x—l):i«/y+2 y=F(x) /,"
x=1+,/y+2 (-2, 1) s
Since —1<x<1, x=1-,/y+2 \
-7
f_12XHl—\/X+2,—2SXS2 =] "O > X
\ Lo et
S T
P \‘ (1’ _2)
(ii) 9-3x, 0<x<3,
X
) (x-3)°", 3<x<86,
and that g(x)=g(x+6) for all real values of x.
AY
9
('21 1) > X
0]
3. Functions (solutions) 10
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(iii)

R, =[-2.2]
D, =(_OO'OO)
Since R; D, gf exists.

D, =[-11]—>R, =[-2,2]—>R, =[1,9]

13(i)

R, = (—o00,0)

D, =R\ {1}

Since R, & Dy, function fg does not exist.
R = (—0,0) U (0, )

D,=R

Since R; = D, function gf exists.

of(x)=g (X_—_ZJ

e

=1+i
x—1

_X+3

x-1

D, =D, =R\{1}
Ry =R\{1}

(i)

Lety =——
y x-1

y(x=1)=x+3
x(y-1)=y+3
‘= y+3

y-1
(a0 = 223

x—1
Since D =R =Dy, 9f(x) is a self-inverse function.

(o)

3. Functions (solutions)
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14 Method 1
(i) y

;\ y=2cosx !
! : » X
2 O \/ 27

—2 pmmmmmmm =

The horizontal line y =k, —2 <k <2 cuts the graph at more than one point, so f is
not 1-1 and ™ does not exist.

N
Ll

Method 2
Since f [%j =f (—%j =0, fisnot1-1and f does not exist.

(i) |Maxb=r

y=2C0SX = x=cos™ Y

f’l:X|—>cos’1§, —2<x<0

3. Functions (solutions) 12
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15 v
(i) fix—>x*+2x-3, x<Ll.
The horizontal line y =-2 cuts the graph of y=f(x) (1.0)
twice, thus f is not one-to-one. (5.0)
. £ does not exist. \ /
y=-2
(ii)  For £ to exist, the largest domain \//(0,_3)
is (—oo,—1]. Largest value of k=-1. (—1,—4)
(iii) Let y=Ff(x)=x*+2x-3.
X +2x-3-y=0
—2+,/4-4(-3-
oy VA-4(-3-Y)
2
-2+./4y+16
_ v2y+ — 1z y+d
Since x<-1, x=-1-,y+4
flix b -1-Jx+4 , x>-4
(iv) v=7@ ) y==
(_3’0) o /// »
(09_3)
_ g1
(1) y=f (=)
13
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(v) The graph of y=7f(x) must be reflected in

the line y =x in order to obtain the graph of

y =f1(x).

LX) =f'(x) = f(x)=x

x? +2x-3=x

]

x> +x-3=0=> =
2

-1-,13

Since —4<x<-1 x= 5

(vi) R,=(0,2)and D, =(-,1]

R, ,é D,
Thus, fg does not exist.

(vii) D, =[12,3)
[1.2,3) — (0,1] —— (-3,0]
R, = (=3,0]

16(i) 3
f(-4)=f(-4+3)=f(-1+3)=f(2)=(3-2) =1
f(22)=f(19+3)=f(19) =f(16+3)=....=f(1) =8
Hence, f(-4)+f(22)=9

((ii)

»
»

(7.8)

b 4
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