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1 The function fis defined by f: x

(@

Another function g is defined by g: x> 3+ |x + 2

(b)

2

Section A: Pure Mathematics [40 marks]
2x

,for xeR, x#2.
x_

Sketch the graph of f and find its range. [3]

yA

v

,for xeR.

Show that the composite function fg exists. Find fg(x) and state the domain
and range of fg. [5]
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2 The function f is defined by f(z) = z* + 4z’ + Bz> + Cz + 45, where 4, B and C are
real numbers. Given that 2+1i is a root of f(z) =0 and (z—k)’ is a factor of f(z),
where & is a positive real number, find the values of 4, B, C and k. [5]
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4

(a) The points A, B and C on the plane 7 have position vectors a, b and ¢
respectively. Show that a vector perpendicular to 7 is parallel to

bxec+exa+axb. [3]

(b)  p and q are non-zero vectorsisuch that p=(p.q)q.

(i) Find the relationship between p and q. [1]
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(©)

(i)  Find |q| :

u is the position vector of a fixed point U relative tothe,origin O. A variable
point V" has position vector v relative to O.

Given that V.(V—u)=0, describe geometrically 'the set of all possible

positions of the point V. [2]
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V1+2x

(a) Given that y=e , show that

dy ’ 2 d2y dy
1+2x)| = = lld 1+2x +—=y. 3

(b)  Henceyor otherwise, obtain the series expansion for y in terms of x up to and
including thé term in x°. [3]
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(c) Verify that the same series expansion for y in part (b) is obtained if the
standard series expansions for e*and (1+x)" are used. [4]
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N .

0 16 =

The diagram shows the curve C with parametric equations
2 2
x:(1+t) , y:(3—t) .

The curve C meets the axes at (16,0) and (0,16).

(a) Show that the line x =16 meets C at the point P where ¢t =-5.

The normal to.C at'P is denoted by /.

(b) Find the cartesian equation of /.

H2 MA 9758/2024 RI Year 6 Preliminary Examination Paper 2

[3]



9

(c) The line / meets C again at the point O where x =5 . Show that the area of
the region bounded by [/, the lines x=16, x=5b and the x-axis is
266240 . ,

units”. [3]

(d)  Show that the area (in units®) of the region bounded by C and / can be given
by
266240 d
+ f(¢)de,
Y

where f(7), and the éonstants é:and d are to be determined.

Hence find the value-of this area. [3]
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10

Section B: Probability and Statistics [60 marks]

Eleven cards each bears a single letter and together they can be made to spell the word
COFFEEHOUSE. The 11 cards are arranged in a row.

(a) Find the number of different arrangements that can be made. [1]

(b) Find the number of different arrangements in which the'2 F’s are next to each
other and no E’s are next to each other. [3]
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Three cards are selected from the eleven cards and the order of selection is not
relevant. Find the number of possible selections that can be made

(c) if the three cards all bear different letters, [1]

(d) if exactly two of the three cards bear the same letter. [2]
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The probability of obtaining a head when a particular coin is tossed is p. A fair cubical
die has the number ‘1’ on one face, number ‘2’ on two faces and number ‘3’ on three
faces.

The coin and die are thrown simultaneously. The random variable X is defined as
follows.

If the coin shows a head, then X is thrice the score on the die.
If the coin shows a tail, then X is the score on the die.

(a) Show that P(X =3) = %—% p , and find the probability distribution of X. [3]

H2 MA 9758/2024 RI Year 6 Preliminary Examination Paper 2



13

(b) Given that E(X) =5, find the exact value of p. [2]

(c) Using the value of p found in part (b), find the exact value of Var(X). [3]
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(@)

(b)

14

It is given that X is the number of times a student is late for school in a year
and Y is the student’s performance in the Mathematics Examination. The
product moment correlation coefficient of a bivariate sample (x,,y,),

i=1,2,...,n,for n students is r.

State, giving a reason, whether each of the following statements is true or
false.

(i) When the value of r is zero, it can be implied that the variables X and Y
are not related. [1]

(ii) When the value of r is —1, it can be implied thatdate-coming causes poor
performance in the subject. [1]

The table below shows the dailyasales‘of cups of iced coffee in a week by a
shop and the maximum daily temperature.

Mon | Tue | Wed | Thu Fri Sat Sun
Temperature (°C )5y 30.5 | 31.3 | 31.9 | 348 | 259 | 28.5 | 29.2
Daily sales, y 95 101 115 79 81 86 88

(i) Sketcha scatter diagram of y against ¢, labelling the axes clearly. [2]
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15
One of the values of y appears to be incorrect.

(ii) Indicate the corresponding point on your diagram by labelling it P.

Omitting P, find the equation of the least squares regression line of 1
y

on ¢, and the value of the product moment correlation coefficient

between 1 and z. Comment on this value. [5]
y

(iii) Use"an appropriate regression line to give an estimate of the daily sales
when the temperature is 20.4 °C .
State, with a reason, whether the estimate is reliable. [2]
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16

The masses of a randomly chosen bolt and a randomly chosen nut are denoted
by M grams and W grams respectively. M and W are independent random
variables with the distributions N(272, 8%) and N(98, 5?) respectively.

(i) Find the range of values of a for which P(a <M <275)>0.2024. [3]

(ii)  Calculate the probability that twice the mass of a randomly chosen bolt
differs from the total mass of:5 randomly chosen nuts by less than 80
grams. [3]
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(b)  Bolts are manufactured to fit into holes in steel plates. The bolts have
diameters, in cm, that follow the distribution N(2.65, 0.03?) and the diameters
of the holes, in cm, follow the distribution N(2.72, 0.02%). A manufacturer sells
boxes of twenty pairs of these bolts and steel plates, where each pair consists
of one randomly selected bolt and one randomly selected steel plate. A pair is
acceptable only if the diameter of the hole in the steel plate is at least 0.02 cm
larger, but no more than 0.15 cm larger, than the diameter of the bolt. Use a
normal distribution to estimate the probability that the average number of
acceptable pairs in 50 boxes is more than 18. [4]
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(@)

18

A company has a machine designed to fill bags with, on average, u, kg of

salt. The mass of salt in a randomly chosen bag has a normal distribution with
population standard deviation denoted by o kg. The production manager
wishes to investigate if the machine is adjusted correctly. He takes a random
sample of n bags and carries out a hypothesis test at the 1% level of
significance.

@) State null and alternative hypotheses for the manager’s test, defining
any parameters you use. [2]

(ii) Find, in terms of 1, o and n, the criti¢al region(s) for this test.  [4]
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(b)  The company has a different machine which fills bags with, on average, 25 kg
of low sodium salt. One of the company’s production supervisor has reported
that some of the workers suspect the machine is no longer set correctly, and
the average mass of low sodium salt in the bags may in fact be more than 25
kg. The production supervisor decides to carry out a hypothesis test at the 0.5%
level of significance with a random sample of 80 bags of low sodium salt.
Summary data for the mass, y kg, of low sodium salt in these bags is as follows.

n=80 > (y-25)=272 > (y-25) =85.1
(i) Carry out the test and state the conclusion of the test in the context of
the question. [5]

(ii) State, giving a reason, whether any assumptions about the population
are needed in order for the test to be valid. [1]
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20

Two brothers Kai and Leo are duathlon (running and cycling) athletes who train

regularly. For each day, the probability that Kai cycles is %, the probability that he
runs is % and the probability he does both is p .

(a)  Write down, in terms of p , the probability that, on one day, Kai either runs or
cycles but not both. [1]

(b)  Find the range of possible values of p. [2]
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On average, Leo cycles 5 out of 7 days in a week. The probability that Leo cycles
when Kai cycles is 0.9.

(c) Find the probability that Leo cycles when Kai does not. [3]

(d) State, in context, two assumptions needed for the number of days Leo cycles
over a period of 5 weeks to be well modelled by a binemial distribution. [2]

Assume now that the number of days Leo cycles in 5 weeks has a binomial
distribution.

(e) Find the probability that, in the 5 weeks, Leo cycles on at least 20 days but
fewer than 30 days. [2]

® Find the probability that, in the 5 weeks, there are exactly 5 days in which both
brothers do not cycle and they both cycle on the other days. [2]
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