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2024 TJC H2 FM Prelim Paper 1 (Marking Scheme)  

1 Polar equations of the form cos ,r a a n= + ,  ,  2a n n   are oommonl  oalle  eetal 

ourves beoause of the shaees of their graehs.  The number an  sizes of the eetals are 

 eeen ent on the values of a an  n.  

 (a)  State the relationshie between the number of eetals an  n.       [1] 

 (b)  Show that the area boun e  b  the ourve is in eeen ent of n. [3]      

Solution  

(a) number of eetals = n 

 

(b) Area boun e  b  the graeh  
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2  Show that ( ) ( )1 i tan sec cos isin
k k k k   + = + . [1] 

Henoe or otherwise, show that 
1

0

cos  sec cot  sin  sec ,
n

k n

k

k n    
−

=

= erovi e    is not 

an integer multiele of .
2
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3 Let 2

0
cos dn

nI x x x


=  .  

 (a)  Prove that for 2,n   

( ) 21
2

n

n nI n n I


−

 
= − − 
 

.                          [3] 

 (b)  R is the region enolose  b  the graeh of 2 1
sin

2
y x x=  , the line 

2
x


=   an  the             

x-axis. B  using the result in (a), fin  the exaot volume of the soli  generate  when 

R is rotate  2 ra ians about the x-axis.  [5] 

Solution Remarks  

(a) 2

0
cos dn

nI x x x


=   

          
122

0 0
sin sin dn nx x nx x x


− = −       

         ( ) ( )1 222

0 0
cos 1 cos d

2

n

n nnx x n n x x x
 − − 

 = − − − −   
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2

n

nn n I
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= − − 
 

  

 

Use b  earts to show the 

 esire  result. Not 

reoommen e  to use MI 

to erove. 

 

(b) Volume = 
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From result in (a), ( )
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Use  iso metho  to fin  

volume sinoe region R is 

just between ourve an  x 

axis.  
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4
23 24

16


= − +  

Require  Volume 
6 4

23 24
320 2 16

  


 
= − − + 

 
 

                            
6 5 33

12
320 32 2
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4 Let nP  be the veotor seaoe of real eol nomials of  egree n or less.  

The transformation 4 3:T P P→  is  efine  b , 

 

( )( ) ( ) ( ) ( )2 3f f 0 f(1)  f 1  f 2 .T x x x x= + + − +  

 Show that T is a linear transformation.  [2] 

 Fin  a basis for the null seaoe of T.  [7] 

 

Solution                                                                                                                                    

For ( ) ( ) 4f ,gx x P ,    the “vectors” here are the polynomials and not x! 
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f
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To show that it is a linear 
transformation, we need 
to show:  
1. ( ) ( )( )T f gx x+  

( )( ) ( )( )T f T gx x= +  

2. ( )( ) ( )( )T f T fx x =  
All workings regardless how 
simple it is must be 
explicitly shown  

For null space,  

We need to find the set of 
polynomials of degree 4 such 

that ( )( )T f 0x =  

i.e.

( )4 3 2T 0ax bx cx dx e+ + + + =   
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Augmented matrix:

1 1 1 1 0 1 0 0 0.5 0

1 1 1 1 0 0 1 0 1 0  using GC

16 8 4 2 0 0 0 1 0.5 0

−   
   

− − →
   
   
   

 

( ) ( )4 3 2 4 3 2

0.5

0.5

f 0.5 0.5 2 2
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x x x x x x x x x









    

=


= −
 

= −
 =

= − − + = − − +

 

 4 3 2Basis for null space of 2 2T x x x x = − − + (express answer in polynomial) 
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5 The half-line L with equation  

8y mx= + , 0x  , 0m  , 

 is tangential to the locus 4z =  at point Q  represented by complex number 
4z . 

 (a) Sketch the locus 4z =  and L on a single Argand diagram. [2] 

 (b) Find the exact value of m. [2] 

 (c)   Sketch the locus of ( )4

5
arg

6
z z


− = −  on the same Argand diagram in part (a). [2] 

(d) The complex number iz x y= +  satisfies the following relations: 

8y mx + , 0x  , 

( )Im 0z z−  , 

4z  , 

( )4

5
arg

6 3
z z

 
−  −  − . 

 Shade the region R that contains z. Hence find the least ( )arg 4iz + , leaving your 

answer in radians, correct to 4 decimal places. [3] 

Solution 

(a) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Method 1 

4
cos

8 3
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Therefore tan 3
3

m


= − = −  

 

Method 2 

Solve 2 2 24x y+ = -------(1)  and 8y mx= + ----------(2) 

Sub (2) into (1): ( )
22 8 16x mx+ + =  

                      2 2 2 16 64 16x m x mx+ + + =  

                      ( )2 21 16 48 0m x mx+ + + =  

For tangent, 2 4 0b ac− =  

                     ( ) ( )( )
2 216 4 1 48 0m m− + =  

                                         264 192 0m − =  

                                                        3m =   

Since 0m  , 3m = −  

 

 

 

(c)  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(d) Least ( ) 1 8
arg 4i tan 4
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+ =  
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6 The polar equations of two curves are given by 

 

              1 :  1 cosC r = +    and   ( )2 :  3 1 cosC r = −  for 0 2   . 

 

 (a) Sketch 1C  and 2C  on the same diagram, indicating clearly the symmetries and the 

exact polar coordinates of the point(s) of intersection of the curves. [4] 

 (b) Find the exact polar coordinates of the P on C2, where 0 ,   and P is the furthest 

away from the x-axis.   [4] 

 (c)    Find in exact form, the shortest distance between the points P and A, where A is 

the point of intersection between 1C  and 2C in the first quadrant.                                 [2]  

 (d) Express the equation of C1 in parametric form using the given   as the parameter. 

Hence find the area of the curved surface generated when the segment OA on C1 is 

rotated 2 radians about the x-axis.   [4] 

6 Solution 

(a) 

 
 

( )1 cos 3 1 cos

1
cos

2

5
 or  

3 3

 



 


+ = −

=

=

 

3
At ,  1 cos

3 3 2
r

 


 
= = + = 

 
 

5 5 3
At ,  1 cos

3 3 2
r

 


 
= = + = 

 
 

The eolar ooor inates of the eoints of interseotions are  

0 =

( )3 1 cosr = −
1 cosr = +
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3 3 5
,   and ,   

2 3 2 3

    
   
   

 

 
(b) ( )

( )

( )( )

( )

( )
( )( )

2 2

2

3 1 cos

sin 3 1 cos sin

d
3 sin sin cos (1 cos )

d

3 sin cos cos

3 1 2cos cos

3 2cos 1 cos 1

r

y r

y



  

   


  

 

 

= −

= = −

=  + −  

= + −

= − +

= − + −

 

 

( )( )
d

At 0 3 2cos 1 cos 1 0
d

y
 


=  − + − =  

1
cos                 or           cos 1

2

2 4
 or    (rejected)                    0

3 3

 

 
  

= − =

= = =

  

2 2
At ,  3 1 cos 4.5

3 3

    

r
 


 

= = − = 
      

Henoe, eolar ooor inates of P is 
2

4.5, .
3

 
 
 

   

(c) Using oosine rule, 
2 2

2

2

9 3 9 3
2 cos

2 2 2 2 3

63

4

63 3 7

2 2

d

d

d

        
= + −        
        

=

= =

 

(d) Sinoe 1 cosr = + , the earametrio equation of C1 is 
2cos cos cos ,

 for 0 2 .
sin sin sin cos ,  

x r

y r

  
 

   

 = = +
 

= = +
 

Henoe 

2 2

d
sin 2cos sin sin sin 2

d

d
cos cos sin cos cos 2

d

x

y

    


    


= − − = − −

= + − = +

 

Therefore surfaoe area generate  is 

2 2

3

2 cos (1 cos ) (sin sin 2 ) (cos cos 2 )  d


        + + + +  
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=9.79 (3sf)  
Extension of question:  

Show that the perimeter of the outer border formed by the two curves is given by 

0

3 1 cos d 1 cos d
a

a

k


   
 

− + + 
   ,                                  

where a and k are constants to be determined.                    [4] 

[Solution] 
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7 (a) Let A be a square matrix with eigenvalue  . Show that   is also an eigenvalue for 
T

A . [2] 

 

A square matrix is called a stochastic matrix if all the entries are non-negative and the 

sum of entries of each column is 1.  

Let 

11 12 1

21 22 2

1 2

n

n

n n nn

b b b

b b b

b b b

 
 
 =
 
 
 

B  be a stochastic matrix. 

 (b) By considering T
B and a suitable column vector, show that an eigenvalue of B is 1.

   [2] 

 

 Let 
1 2( )T

nx x x=x  be an eigenvector of T
B  with corresponding eigenvalue  .   

 (c)  By considering T
B x , find an expression for kx , 1 k n  . [2] 

 

 It is further given that kx  is the entry in x  with the largest absolute value. 

 (d)  By considering kx , show that 1  .  [4] 

(You may apply without proof the result  1 2 21 nna a a a a a+ + +  + + + for 

any real numbers 1, , na a .)            

 Solution 

(a) 0

0

0

T

T







− =

− =

− =

I

I)A

A I

A

(  

Thus  is also an eigenvalue for 
T

A .  

(b) 
11 21 1

12 22 2

1 2

1 1

1 1

1 1

n

nT

n n nn

b

b

b b

b

bb

b

b

+ +    
    
    = =
    
    

+

    

+

+

+ +

B  

Since 1 is an eigenvalue of BT , 1 is thus an eigenvalue of B (from (a)).  

(c) T =B x x  
 

Consider the k-th row of 
T

B x , i.e.  

1 1 2 2 3 3k k k nk knb b x b x xx x b + + + =  
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(d) 
1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

1 2 3

1 2 3

1

( )

k k k k nk

k k

k

k nk

k k k n

n

n

n

k k k

k

k

k

k k k nk

k k k nk

x b b x b

b b x b

b b x b

x x b x

x x b x

x x b x

x x b x

x

b b

b

x b

b b b

x





=

 +

= +



+ + +

+ + +

+ + +

+ + +

+ + +

+

 +



=
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8  Diseases suoh as smalleox is generall  oonsi ere  to imeart immunit  for life. To assess 

the effeot of smalleox, an exeerimental groue of in ivi uals born on the same  a  in one 

seeoifio  ear are olosel  monitore  until the  reaoh t  ears of age. Let 

• ( )N N t=   enote the number in the groue who survive  to age t, 

• ( )S S t=   enote the number who have not ha  the  isease but are still susoeetible to 

it at age t, 

• p  enote the erobabilit  of a susoeetible in ivi ual getting the  isease, 

• 
1

m
  enote the eroeortion of those who  ie  ue to the  isease. 

To stu   the effeots of smalleox, the Swiss mathematioian Daniel Bernoulli eroeose  in 

1760 the following  ifferential equation: 

2d d

d d

S S N S
pS p

t N t mN
= − + + .      (1) 

 (a)  B  multiel ing both si es of (1) b  
2

N

S
 , show that 

d

d

R p
pR

t m
= −             (2) 

 where 
N

R
S

= ,  isela ing  our working olearl .  [3] 

 (b) Regar ing p an  m as oonstants, obtain the general solution of equation (2) for R in 

terms of t.  [3] 

 (c) Assuming that no in ivi ual  ie  at birth an  no one was born with smalleox, write 

 own a relation between ( )0N  an  ( )0S  an  henoe show that 

                                                             ( )
( )

( )1 1 e pt

mN t
S t

m
=

+ −
.  [3] 

 (d) Bernoulli’s  ata states that 
1

 
8

p =  an  8m =  when 24t = . Estimate the eroeortion 

of in ivi uals who woul  not have ha  smalleox b  the time the  reaohe  24  ears 

of age, giving  our answer to the nearest form 
1

n
 where n is a eositive integer to be 

 etermine .  [3] 

 

Solution 

 (a) 
Multiel ing both si es of (1) b  

2

N

S
 gives 

2

2 2

d d

d d

N S N S N S
pS p

t N t mNS S

 
= − + + 
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2

2 2

2

d 1 d

d d

d d

d d

1 d d

d d

N S pN N p

t S S t mS

N S pN S N p

t S t mS S

N S pN p
S N

t t S mS

= − + +

= − + +

 
− = − 

 

 

Now we have 
2

d d

d d d d

d d

N S
S N

R N t t

t t S S

−
 

= = 
 

 b  the quotient rule. 

Substitute 
N

R
S

=   an  
2

d d

d d d

d

N S
S N

R t t

t S

−

=   into the above DE gives DE (2) 

d

d

R p
pR

t m
= − .       

 

 (b) 
( )

( ) ( )

( )

d
1

d

1
d d

1

1
ln 1   , 1 1

1 e   where e

1
1 e

pt Cm

pt

R p p
pR mR

t m m

p
R t

mR m

p
mR t C m R mR

m m

mR A A

R A
m

= − = −

 =
−

 − = +   

 − = =

 = +

 
 

whioh gives the GS to the DE (2). 

 

 (c) Sinoe ( )0N   an  ( )0S   are reseeotivel  the number of in ivi uals born an  the 

number of in ivi uals without smalleox at birth, the two values are equal, i.e. 

( ) ( ) ( )0 0 0 1N S R=  = . Putting 0t =  into  

( )
1

1 e ptR A
m

= +  gives ( )
1

1 1 1A A m
m

= +  = − .  

Therefore 

 

( ) ( )

( )

( )
( )

1
1 1 e

1
1 1 e

pt

pt

R t m
m

N t
m

S t m

 = + − 

  = + − 

 

( )
( )

( )1 1 e pt

mN t
S t

m
 =

+ −
. 

 (d) 
Put 

1
24,  

8
t p= =  an  8m =  into above equation gives 
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( )
( )

( )
( )

( )

( )

( )

1 3
24

8

8 24 8 24
24

1 7e
1 8 1 e

24
0.05649767

24

N N
S

S

N

= =
+

+ −

 

 

Thus the eroeortion of in ivi uals who woul  not have ha  smalleox b  the time 

the  reaohe  24  ears of age is 
1

18
.  

 

Ke  into GC 

Y1 = 
1

0.05649767
X
−  an  fin  the value of X suoh that the value 

1
0.05649767

X
−  

is least. 
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9 Plankton are a oolleotion of tin  organisms that live at an  beneath the surfaoe of lakes, 

rivers, eon s, an  ooeans aoross the elanet.  A groue of elankton biologists are 

investigating elankton in a lake on a boat.  At a  eeth of h metres, the  ensit  of elankton, 

in millions eer oubio metre, is mo elle  b  the funotion, ( )
22 0.005p 0.15 e hh h −=   for 

0 30h    an  is mo elle  b   a oontinuous funotion,  f(h) for 30h    whioh is not 

exelioitl  given.  

 (a) Fin  ( )p 20 . Using oorreot units, intereret the meaning of ( )p 20 in the oontext of 

the eroblem.   [2] 

b) Consi er a vertioal oolumn of water in this lake with a uniform horizontal oross 

seotional area of 2 square metres. Use Simeson’s rule with 6 equal intervals to 

estimate 
30

0
p( ) dh h . Henoe, estimate the number of elankton, to the nearest million, 

in this oolumn of water from h = 0 to  h = 30.   [4] 

(c) It is given that there is a funotion u suoh that ( ) ( )0 f uh h   for all 30h  an  

30
u( )d 105h h



= . The oolumn of water in eart (b) is H metres  eee, where H > 30. 

Write  own an exeression involving one or more integrals that gives the number of 

elankton, in millions, in the entire oolumn.  

 B  using  our answer in (b), exelain wh  the number of elankton in this entire 

oolumn is less than or equal to 600 million.    [3] 

 (d) The boat is moving on the surfaoe of the lake. At time 0t  , the eosition of the boat 

is ( ) ( )( ),x t y t , where  

( )
1

28x t t t= −  an  ( )
3

4
16

3
y t t= .  

  Time t is measure  in hours, an  x(t) an  y(t) are measure  in kilometres. Fin  the 

total  istanoe travelle  b  the boat over the time interval 0 ,t T   leaving  our 

answer in terms of T.  [5] 

Solution 

(a)     Using GC,  ( )p 20 0.812 = − .  

         It means that the  ensit  of elankton is  eoreasing at a rate of 0.812    

         million  per cubic metre per metre when the  eeth is 20 metres.  

 

(b)     
30

0
p( ) dh h    

         ( ) ( ) ( ) ( ) ( ) ( ) ( )
5

p 0 4p 5 2p 10 4p 15 2p 20 4p 25 p 30
3

 
 + + + + + +    
 

    

 

 = 182.465     
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 Number of elankton  

 = 
30

0
2 p( ) dh h    

365 million   

 

(o)    Number of elankton in the entire oolumn  

        = ( ) ( )( )
30

0 30
2 p d f d

H

h h h h+                                             

        ( )
30

0 30
2 p( )d u( )dh h h h



 +                                                   

        ( )365 2 105= +                                                                 

          575 600=                                                                                   
( ) Distanoe travelle  b  the boat  

=

2 2
1 1

2 4

0
4 1 4 d

T

t t t
− −   
− +   

   
       

1 1

1 2 2

0
16 8 1 16 d

T

t t t t
− −

−= − + +  

1

1 2

0
16 8 1d

T

t t t
−

−= + +  

2
1

2

0
4 1 d

T

t t
− 

= + 
 

                     

1

2

0
4 1 d

T

t t
− 

= + 
 

  

1

2

0

8

T

t t
 

= + 
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10  A groue of engineers are oon uoting tests on an exeerimental oruise missile. 
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The missile is erogramme  to be launohe  from the launohea , situate  at the origin O, 

to reaoh oruising altitu e along an initial eath given b  the equation 

1 2
2 tan ( 3) , , 0

3
y x x x

−= − +   , where 1 unit  enotes 10 metres. 

To traok the missile, a laser rangefin er is set ue to  ireot a laser beam along the eath y = 

x. When the missile orosses the eath of the laser beam, the rangefin er will allow the 

engineers to  etermine if the missile is moving along its inten e  eath. 

The eoint A(xa, ya)  enotes the first eoint (other than O) where the missile orosses the 

eath of the laser beam. 

 (a)  Fin  the integer n suoh that n < xa < n + 1. [1] 

 (b)  Use the iterative formula 

1

1

2
2 tan ( 3)

3
n nx x

−

+ = − +    ------ (*) 

  with x0 = n to obtain 2 suooessive estimates of xa, leaving  our answers oorreote  

to 4  eoimal elaoes.  [2] 

 (c)  Using sketohes of 
1 2

2 tan ( 3)
3

y x
−= − +   an  y = x on the same set of axes, 

exelain wh  the estimates obtaine  b  the iterative formula in (b)  oes not oonverge 

to xa. [2] 

 (d)  Use equation (*) in (b) to obtain another iterative formula 
1 ( )n nx g x+ =  that 

oonverges. Taking x0 = n, use this formula to estimate the altitu e of the missile at 

the eoint (other than O) whioh the missile first orosses the eath of the laser beam, 

oorreot to 3 signifioant figures. Show that  our answer has aohieve  the require  

level of aoourao . [5] 

After oruising for a  istanoe, the missile is erogramme  to  ive towar s its target 

following a eath given b  the funotion 

5003g( ) 5 ( 5003)e , , 5000xx x x x−= − −   . 

 (e)  Use linear intereolation on the interval [5000, 5005] to obtain one estimate,  ,  of 

the x-ooor inate of the eoint where the missile will imeaot the groun  (whioh is 

mo elle  b  the line y = 0). Give  our answer oorreot to 2  eoimal elaoes. [2] 

 (f)  B  using the value of g(   ),  etermine whether    is an overestimate or 

un erestimate of the aotual value. [2] 

 

 

Solution                                                                                                                [14 marks] 
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(a)  Let 1 2
f ( ) 2 tan ( 3)

3
x x x

−= − + −  

 f(1) = −0.169 < 0 

 f(2) = 0.618 > 0 

 Henoe n = 1.  

(b) Using 1

1

2
2 tan ( 3)

3
n nx x

−

+ = − + with x0 = 1: 

 x1 = 0.8306, x2 = 0.6271  

(o)  

 

 

   

 

 

 

 

  

 

 

 

From the sketoh, we see that x1, x2 an  suooessive estimates of xa  o not aeeroaoh xa; 

henoe the iterative formula  oes not oonverge to xa.  

 

( ) 1 12
2 tan ( 3) tan ( 3) tan 3

3 2 3 2 3

x x
x x x x

  − −  
= − +  − = −  = − + 

 
   

 Using 
1 tan 3

2 3

n
n

x
x


+

 
= − + 

 
 with x0 = 1: 

 x1 = 1.123, x2 = 1.204, x3 = 1.255, x4 = 1.286, x5 = 1.304, x6 = 1,315, x7 = 1.321,  

 x8 = 1.327  1.33, x9 = 1.328 1.33  

 f(1.325) = −0.0037 < 0  

 f(1.335) = 0.00347 > 0 

 Henoe xa = 1.33 (oorreot to 3sf)  

 

(e) Let 5003g( ) 5 ( 5003)exx x −= − −  

 Estimate  value = 
5000 | g(5005) | 5005 | g(5000) |

5001.72
| g(5005) | | g(5000) |

+
=

+
   

(f) g(5000) = 5.15 > 0 

 g(5005) = −9.78 < 0 

 g(5001.72) = 5.36 > 0  

     Henoe the aotual value lies between 5001.72 an  5005, an  the estimate is an    

     un erestimation.  

 

x2   x1  xa 


