RAFFLES INSTITUTION
H2 Mathematics 9758
2023 Year 6 Term 3 Revision 10 (Summary and Tutorial)

Topic: Functions

Summary for Functions

Relations and Functions

The set of inputs of a function is known as the domain while the corresponding set of outputs
is known as the range.

To define a function completely, both the rule and domain must be specified.
The range of a function can be obtaining by looking at its graph (y-values).

If a function is such that no two elements in the given domain have the same output, it is a one-
one function.

To check if a function is one-one, we use horizontal lines to check.

If function is one-one, such as f: x> x°,x > 2, we write since every horizontal line y = £,

ke [4,00) , cuts the graph of f at one and only one point, f is a one-one function. Note that
[4,00) is the range of f.

If function is NOT one-one, such as f: x> x°,x € R, we choose a specific line y = k where

k is a value in range of f. In this case, we can write since the horizontal line y = 1 cuts the graph
of f at more than one point, fis not a one-one function

Inverse Functions

Given a function f, the inverse function ™' exists if and only if f is one-one.
To define f™', you must find the rule and domain.

To find the rule of f™', let y = f(x) and make x the subject, i.e x=1"(y).
Example to find the rule of inverse of g: x> 1+e™*, xeR

Let y=1+¢" and make x the subject to get x=—In(y—1).

To find domain of f™', use the result: D o= Ry

Note also that R =D;.

The graphs of y =f(x) and y=f"'(x) are reflections of each other in the line y = x.



Composite Functions

¢ Given 2 functions f and g, the composite function gf exists if and only if R, = D, .

e To define gf, you must find the rule and domain.

e To find the rule of gf, find f(x) first, then find g(f (x)) .

e To find domain of gf, use the result: D= D;

of

e In general, fg# gf . i.e. composition of functions is not commutative.

e The composite function ff, if it exists, is written as f* i.e. f (x)=ff(x)=f (f (x)) .
o Useful results: (i) ff'(x)=x, where x e D..

(ii) f'f(x)=x, where xeD, .

e To find the range of gf, use either
(1) R, = R, restricted to R,

or 2) sketch the graph of y = gf(x) over D, and find R ;.

Example
Find the range of the composite gf given that the functions f and g are defined as follows:

f:ix>x-2, x>3,

g:x|—>x/;, x20.

Method 1
Sketch the graphs of the functions f and g on separate diagrams.

For the composite function gf, fis first applied to each x € D; to find the image f(x), and then

the rule for g is applied to f(x) to obtain the image g( f (x)) e gf(x)= g(f (x)) .

y=1(x) Va
ki ‘ y=g)
Rel, L Ry
14 1+ e
— > —1 >y
Ol 1 2 3 4 X o 1 2

R;

Consequently, we can obtain the range of gf as the range of g whose domain is restricted range of

f,i.e [3, 0)——[1, o) —E{1, ).
Thus R, :[l, OO) )



Method 2
Find the function gf followed by sketching its graph to find the range.

81)=4[f0] - x=2, D, =D, =)

From sketch, Ry = [l, oo).
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Revision Tutorial Questions

Source of Question: EJC/Y5 Promo/2018/Q3
1 The function f'is defined by f:x+— ln|1 - 2x|, xeR, x# % .

(i)  Explain why f does not have an inverse. 1]

The function g is now defined by g:x+— ln|1 - 2x|, x>a where a is a real constant.
(i)  State the minimum value of a such that g~' exists. 1]

(iii) Using the value of a stated in (ii), define g”' in a similar form and state the range of g™'. [4]

o1 ceer 1. 1/ . . (1
[(ii) « =3 (iii) g .xn—)E(e +1), xeR ; Rg,l _(E’wj
]
Solution:
l(i) A 1 1
1] SRE =1
o\ i /1 X
From sketch, the line y =1 intersects the graph of y =f(x) twice.
Hence, f is not one-one and does not have an inverse.
Alternatively,
since f(0)=0=1f(1), fis not one-one and does not have an inverse.
1(ii)

.. 1
Minimum value of a = 5

[1]

1(jii) | Let y =1In|1-2x|
[4]

For x>% , y=In(2x-1)
2x—1=¢’

xzé(ey +1)
g*l(y)zé(eul), D, =R =R

sg! ;xl—)l(ex +l), xeRand R , =D :(_’Ooj
2 g




Source of Question: NJC/Y5 Promo/2018/Q10

2 The functions g and h are defined by

X R >k,
g X +2 ¥
h:xH%(x—Z)z, 0<x<4.
(i) Find the smallest exact value of k such that g™ exists. 2]
Use k =2 for the remainder of this question.
(ii) Find the exact range of g. 1]

(iii) Sketch the graphs of
y=g(x), y=g"(x) and y=gg™(x)
on the same diagram.
Hence find the exact solution of g™'(x) = g(x). [6]

(iv) Show that hg exists and determine the range of hg. [3]

[G) k=2 (i) (o,ﬂ (i) x=v6 (iv) [0,1) ]

Solution:
2(i) 8x
2] ’- x+2
8x
\-4 g(x) _

, _8(x2+2)—8x(2x)_16_8x2
E(x)= (f+2)  (¢+2)

For maximum point of y = g(x) , g’(x) =0.

16—-8x” =0

x=i\/§

From the graph, it is a one-one function if x > V2, so the smallest exact value of k is
V2.
2(ii) 16

1] g(Z) = EYIT) = g , so the range of g is (O, %} as observed from the graph in (i).




2(iii)
[6]

solve g(x)=x instead of g™'(x) =g(x).

&
¥ +2
8x=x"+2x
X —6x=0

x(x2 —6)=0

x(x++/6)(x=6)=0

X

x=0 or x=—V6 or x=\/g

From the diagram in (ii), x = \/g .

From the diagram, we may

2(iv)
[3]

. 8 .
Since R, = (O, E} c[0,4]=D,, hg exists.

y
Graph of h
(0’ 1) q /
I/'
&
// 3’ ?
) (2,0) I X




Source of Question: MI/Promo/PU2/2017/Q6

3

A function fis defined by f(x) = 4—(3—)6)2 for xeR.

(i) Show that ™' does not exist. [1]

(ii) If the domain of fis restricted to x < k, state the largest exact value of k for which the

function ™' exists. 1]

(iii) Using the domain defined in part (ii), find £~ and its range. [3]

(iv) Solve the equation f(x)=f"(x) exactly. [3]

(@ =3 @) (=3 nxe(nd] 5 Ro=(=03] ) 12250

Solution:

33)
(1]

UKFHL FLUHI HUIU KEHL RHULHN mr I

ALC MAXIMUM
/J/\\\ y =
y=y

Yi=H4-(3-X)2
1
Since the horizontal line y =1 intersects the graph of y =1 (x) more than once, f is not

Ho.ximum
¥=3.0000023

one-one. Hence, f! does not exist.

Alternatively, since f(1)=0=1(4), f is not one-one and does not have an inverse.

3(ii)
[1]

k=3

3(ii)
[3]

Let y=4—(3-x)°
3—x=%4-y

x=3F 4~y

Sincex <3, x=3—-,/4—y

Hence, f™' (x)=3—-+v4—x,xe(—0,4].

So R, =D, =(—,3]

3(iv)
[3]

We may solve f(x)=x instead of f(x)=f"(x).
4—(3—x)2=x
x*=5x+5=0

o 5£25-4(5) 5-+/5 o 5++/5
2 2 2

(rejected " x <3)




Source of Question: NYJC/Prelim/2017/01/Q7
4  The functions f and g are defined by

f:xHe”‘z, xeR, x<0,
1
gx—>——, xeR, x#-3.
x+3

(i)  Show that g' exists, and define g™ in a similar form.

(i)  State the solution set for gg~' (x) =X.

(iii) Explain why fg~' does not exist.
Let the function 4 be defined by

h:xg(x), xeR, x<k,
where k is areal constant.

(iv) Given that fh™' exists, state the maximum value of k.

(v)  For the value of k£ found in (iv),

(a) find the exact range of fh™',
(b) solve h(x) =h" (x)

[(D) g‘lle—>l—3,xe]R, x=20 (i) {xeR|x¢O}
X

W@ R, =(0.c”) (v)(b) x=-3.30 ]

Solution:

2]
(1]
(1]

1]

2]
2]

(iv) k=-3

OIS |
2] N\

=
Therefore g exists

Every horizontal line y = k cuts the graph at most once. This implies g is one-one.




g":xl—)l—?,,xe]R,x;tO
x

4(ii) {xe]R]x;tO}
1]
%D | & &30,k
(1] o

Since R , ¢ D, fg™ does not exist.
aGv) | k=-3
1]
4(v)(a)
2]

g

R, = (O,e’g)
4(v)(b) h(x)=h"(x)
121 h(x)=x

1
=x
x+3

X +3x-1=0
Since x < -3, x =-3.30 (3sf)




Source of Question: ACJC/Y5 Promo/2017/Q11

5 (a) The function f is defined by

f:x— e”2 -2|, xeR.
If the domain of fis restricted to A <x <0,
(i) state the least value of k for which the function ™' exists, 1]
(i) find (x) , stating the domain of ', [3]

(b) The functions g and h are defined by

sin”' x for —1<x<1,

X
g ﬂ(l—gj for 1<x<3,

3

h:x 2x, for —TSxSI.

(i) Show that the composite function gh exists and find its range, giving all values

in terms of 7. [3]

It is given that g(x + 4) = g(x) for all real values of x.

(i) Evaluate g(17). 2]
(iii) Sketch the graph of y = g(x) for -1<x<5.5. [3]
[@@) k=—m2 ()i f(x)=—\In(2-x) ; D_, =[0,1]

(b)) Rgh{——,—} (b)(ii) %]



Solution:

S(a)(i)
1]

L

y=£(x)

—

\J
f

~m2 9 s

! exists if least value of k is —\/In2 .

5(a)(ii)
[3]

If the domain of f is restricted to —/In2 <x <0,
2
lety = —(ex —2)

X

e’ =2-y

x’=In(2-y)

Since —\/ESxSO,

£ (x)=-n(2-x), 0<x<I.

Note: fo1 =R, = [0,1]

S(b)(i)
3]

Since R, < Dg, c.ghexist.  So Rgh =|:—%,%}.

5(b)(ii)
2]

Since g(x+4) :g(x) ,




=13

i.e. when x

=g(13)

g(17)

Rl

sin”' (1) =

5(b)(iii)

3]




Source of Question: TPJC/Prelim/2017/01/Q3
6 A function fis defined by f:x+> (x—k)* , x<k where k>5.

(i) Find f'(x) and state the domain of f'. [3]

The diagram above shows the curve with equation y = g(x) , where —2<x<2. The curve

crosses the x—axis at x=-2,x=-1,x=1 and x=2,and has turning points at
(—1.5,—1), (0,4)and (1.5,-1).
(ii) Explain why the composite function fg exists. 2]
(iii) Find in terms of £,
(a) the value of fg(—l), 1]
(b) range of fg. 2]
[@) ') =—x+k, D_, =[0,1]] (ii)) &* (iii)(b) [(4 —k)?, (1+ k)z} ]
Solution:
f?f;) Letyz(x—k)2
x—k= J_r\/;
xX=—\y+k (‘.‘x<k)
) =—Vx+k
D =(0, )
6G) | R,=[1, 4], Dy=(—0, k)
2]
Since k>5, R, = D;. Thus fg exists.
6(iii)(a) | fg(-1)=f(0)=k>
1]




6(iii)(b)
2]

Using R, = [—1, 4] , and the fact that f'is a strictly decreasing function in the

given domain,

Ry, =| (4=K)", (<1-k)]
=\ (4=k)", (1+k) |

Source of Question: HCI/Promo/2018/Q6
7 The function f is defined by

1 1
fixrs > , forxeR, ——<x<—,
ax—1 a a

where a is a positive constant.

(0)

(i)
(iii)

Sketch the curve y =f(x), stating the equation of the asymptote and the coordinates
of the end-point. 2]

Find f'(x) and state the domain of f'. [3]

Sketch the curve y=f"'(x) on the same diagram as the curve y=1(x) in part (i).
Hence obtain the range of values of x for which f(x)=f"'(x) in terms of a. 2]

The function g is defined by

(iv)

1Y 1 1
g:ix|x—— | —— for xeR, x<—.
3a 9a a

Show that the composite function gf exists, and find the range of gf in terms of a.

2]

[(i) £ (x) = —> ;Dflz(—oo,%} (iii) —éﬁxﬁzi (iv) {—é, ooj ]

ax—1 a a



Solution:

70) .
[2]
3
a’ 2a
0 =x
=t
5 1
=L
a
7(ii) Let y=
[3] ax—1
Saxy-y=x
= x(ay—l) =y
—x=—2
ay—1
O X 1
Therefore £ (x) = , D =|-0,—
ax—1 f 2a
7(iii)
[2] =
FE
y=t'x® [ T
(LT
a’ 2a S, >
/,, : *
( 1 _71 !
,/, Za’ a i
. C
=L
a

From graph, the range of values of x for which f(x)=f"(x) is

—lﬁxﬁi.

a 2a




7w) Since ! <1 R, =| —o0 1 is a subset of D, —(—oo 1
2] 2a a’ " 2a ¢ “a)

Therefore gf exists.

From the given expression of g(x), the graph of y=g(x)is a

. . .. . 1 1
quadratic graph with minimum point (—, ——2)
3a 9a

y=g(x)
1
2a o

Source of Question: SRJC JC2 Mid-Year CT 9758/2018/01/Q2
8  The functions f and g are defined by

Vs
f:x|—>2cos(x+zj, —-n<x<r,

g:x (x—=1)Y’+a, -3<x<2and —-1<a<0.
(i) Explain why f does not have an inverse. 1]
(ii) Explain why the composite function fg does not exist. Given that the composite
function gf exists, find gf in similar form and find its range in terms of a. [4]

(iii) The function f has an inverse if the domain is restricted to —7 < x < p . State

the largest possible exact value of p. 1]

2
[(ii) gf:xi—>[2cos(x+%j—l} ta, —w<x<rz; Ry=[a,9+a] (iii) pz—% ]



Solution:

8(
@ Since f 3 | Z|=0 , fis not 1-1 and hence f does not

1] 4 4

have an inverse.

Alternatively, y

Since the line y = 0 cuts the curve twice, so fisnota 1-1

function and so f ! does not exist.
8(ii) Since Rg = [a,16+a) & [—71', 7[] = Dy, fg does not exist.
[4]

(-l<a<0,15<16+a<16)

Dgr=Dt= [-7x, 7]

2
gf:x—> [200s(x+%j—1} +a, - w<x<7m
4
A
K---.gﬁq y=(x-1)+a
I l+al------ f > ¥
-2 \ L2
@ o)

Range of gf = [a,9+a]
8(iii) T
1] P




Source of Question: SAJC/Prelim/2017/01/Q3
9 It is given that

2

b l—x—2 for —a<x<a
=1 ' ¢
_ 2
-a 1—% for a<x<3a
a
and that f(x+4a)="f(x) for all real values of x, where a and b are real constants and
O<a<b.
(i)  Sketch the graph of y =f(x) for —a <x<8a. [3]

4a
(ii) Use the substitution x =acos@ to find the exact value of L f(x) dx in terms of a,

band 7. [S]
Vs
iy Zab
[(ii) i ]
Solution:

9(i)
3] y

.
>




9(ii)
[S]

J. £ &

0 x2
=L b == dx

2 2 2
=b| > ,/1—L°f"9 (—asind) d
7 a

=ab |, sin’0 do
2

=abJ:1_COSZH
2

2 2

ab[ 7Z':|
= —_— 7[——
2 2

=Zab
4

:@[e_siHZG

SR

|

déo




Source of Question: HCI/Prelim/2017/01/Q1

10 The floor function, denoted by LxJ , s the greatest integer less than or equal to x. For

example, | -2.1|=-3 and [3.5|=3.
The function f is defined by

LxJ forxeR, —-1<x<2,
f(x)=
0 forxeR, 2<x<3,

where LxJ denotes the greatest integer less than or equal to x.
It is given that f(x) =f(x+4).

(i) Find the values of f(-1.2) and f(3.6) .

(ii) Sketch the graph of y=f(x) for -2<x<4.

2]
2]

(iii) Hence evaluate | i £(x) dx . 1]
[() f(=1.2)=0, £f(3.6)=—1 (i) -1 ]
Solution:
10G) F(-12)=f(2.8)=0
[2]
£(3.6) = (~0.4) = -1
10(ii) N
2] R
L g Q Q ¢ Q — X
o o 9 | 2 3 4
Q—Tfl L ——)
106 | [ pydr=-141-1=-1
[1] =




