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Basic Mastery Questions
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|-2i|=2 , arg(-2i)= —%
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arg(—l+\/§i)=ﬂ'—%=§ﬂ'

14\Bic2e's
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argL_lJM/_giJ

=1-1

= arg(—1+ ﬁi)—arg(—l—i)
2 3z
T+—

3 4

Principalarg(z) = g T—2r

B 772'
12
1481 5 (5
—1-i
T\ . . 1T
=4/2| cos| —— |+isin| ——
\F{ ( 12) ( 12)}
(e) 1+e3—1+cos—+|sm—=1+1+ﬁ|_§+ﬁ|
2 2 2 2

arg(g+§|]_tanl\/_ =z

6
1+e® =3¢
T . . T
=4/3| cOS—+1isin—
J_( 6 6)

Alternative Method for 2(e):

l+e? =g ei(_6j+ei6]

=e6|cos| —= |+isin| == |+cos=+isin=
6 6 6 6

—e's 2cos%)=(2)(£}ie=«/§eie

) 3, arg|3e° |=Z, 33 =3(cosz+isin£)
3 3 3

3
(9) |-100/=100, arg(—100)=m, —100 =100(cos  +isin ) =100e"

57 57 57 RL; (lll_z j i(_z)
3¢ ¢ =3(-1)e ® =3e"xe ° =3 © =3¢ =3¢ °

™ ~dfeo(-5rion(-5)
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Alternatively,

5t
ef|=3

2T
—3e b |=|-

arg(—Sei%n) = arg(—3)+arg(ei%) = n+%’E Mm_ =

6 6
5n
s.-3e % =3 cos[—fjnsin(—fj
6 6

(b) Ze{_Zj=2(cos(—%)+isin(—%j}:2(cos%—isin%)=2E—i§]:l—i 3
PN N

Practice Questions

1 z=—3+i w=4+4i

|z|=2 |W|:4\/§

arg(z) = 5?7[ arg(w) = %

N !
0 z| 7| 2
arg( 1 =arg(-1) —arg(z) = T
z 6 6
—==Z=| cos—+isin—
z 2 6 6
. 1 1 1 1
W 7 z*_ﬂ 2
arg[zlJ arg()) —arg(z’) = 0+arg(z)__
1 1( 5 5nj
= =Z| cos=—+isin—
z 2 6 6
(iii) =W =|wf = (442) =1282
arg(w’)’ =3arg(w’) =—3arg(w) = —3(%) - _37”
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.. 3 o 37
(w) _128\/§(cos( 4j+|sm( 4))

Z_d_2 1 V2
w

W 42 242 4

arg (ZWJ =arg(z’) —arg(w) = —arg(z) —arg(w) = —— ==

(iv)

Principal arg Z— __br
w 12

- \/E( 117 117[)

g

+27r=——
12

COS—— +isin—
12 12

z
w 4

(v) ‘ZZV\IS‘ = |z|2 |w|3 =22(128V2) =5124/2

arg(z*w®) = 2arg(z) +3arg(w) = 2(%) +3[%)

297
12
297 S5

Principal arg(z’w®)=—"—-—-27=""
p a( ) 12 s B

22WP =51242 cosS—”+isin5—”
12 12

el _3
w2

2p
w?

arg (%) =arg(2)+arg(p)—2arg(w)

r ( Sﬂj_ﬂﬂ_ﬂ

=0+—-2
8

(ii) (Z—E’j :(%n (cosn—”+isin ”—”j
w 2 8 8

8

8 8

n:4(2k+1),k e’
=..,-12,-4,4,12,...
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Thus, smallest positive value of n = 4.

wl_w _|

W*

@) [p=

]
10i0

(i) p=e""=p°=e

W,
—=1; arg p:argﬂzargw—argw*:2argw:20
W w*

Since p° is real, sin100 =0and cos106 > 0. This implies 106 is of a multiple of 2z.

kz

Solving sin108 =0, we have 0:?,k =1,2,3,4. Thus, 0:% or

Alternatively,

p° is real and positive = arg( p°) is of a multiple of 2z.

100 = 2krx, k e Z
«9:k—7[=Z or 2—7[ since0<9<1n
5 2
Im
A
E\
2rsnflc
B<:"//’—— \‘\ T s\\\\\\>A
Tl QN2 T
D «—@N( X0 R
-1 0
bl ||,
a a

arg (aﬂ) =arg(b) +arg(a)==n
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e20ti +e—2ai
= C0S 2¢ +isin 2 +cos(—2c ) +isin(—2«)
= 2c0s 2« ,which is real for all

2 2

W= 1+e% g2 (e’z"‘i +e2 )

B 2e—2ai
 2c0s2a
_ C0s2a —isin2a
~ cos2a
=1-itan2«a

- Re(w) =1

Alternatively,
2 1t+e™
T liet 14t
2(1+e)

—Aai

T lye et 4

2(1+e*)
:2+2cos4a
_ 1+cos(—4a)+isin(—4a)
- 1+ cosda
_1+cosda—isinda . . sinda
- 1+cosda "7 1ycosda
i 2sin 2a c0s 2

1+(2cos” 2 1)
:1_iﬁn2a

CoS2a

=1

=1-itan2a ..Re(w)=1

6 Let w=a+hi
WW*+2W = 3+ 4i

(a2+b2)+2(a+bi)=3+4i

a’+b*+2a=3 [b=2 .
= =>w=-1+2i
2b=4 a=-1
7 iz+2w=1=-z+2w=i=z=2iw—-1———(1)

47+ (2-)W=-6———(2)
Substitute (1) into (2),
42w —1)+(3-1)W*=-6

Letw=Xx+iy
Bi(x+1y)+(3—1)(x—1y) =—6+4i

Complex Numbers (Tutorial Solutions) Page 6 of 11



National Junior College Mathematics Department 2017

8ix—8y+3x—3iy—ix—y=—6+4i
(-8y+3x—y)+(Bx—x—-3y)i=—6+4i

Compare real and imaginary parts,

Oy +3x=-"-6=-3y+x=-2-—-(3)

7X-3y=4————(4)

Solving (3) & (4)

7(3y—-2)-3y=4=18y =18
=>y=1=x=1

So W=1+i =z=2il+i)—i1=-2+Ii

8  (x+iy)*=12i-5
X* +2iy—y® =12i-5
Comparing real and imaginary parts,
X —y*=-5 ——
2xy =12 -—— (2

From (2), x = 6 . Substitute x= s into (1), we get
y y

%—yz =5 y'-5y*-36=0
y>=9o0r —4 (N.A.because y> >0 asy is a real number)
y=3x=2
y=-3,X=-2

X+iy=2+3ior —2-3i

7 +47=12i-9=12i-5-4
2° +47+4=12i-5
(z+2)* =12i-5
z2+2==%(2+3i)
z=3ior—4-3i

9 Q) Since 1+i is a root of the equation 2w® +aw? +bw—2 =0,
2(1+i)’ +a(1+i)* +b(1+i)—2=0
2(-2+2i) +a(2i)+b(1+i)-2=0
(b—6)+(4+2a+b)i=0+0i

Comparing real parts, Comparing imaginary parts,
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10

(i)

4+2a+b=0
a_—b—4

Since the polynomial equation has real coefficients, 1+i and 1—i are roots to the
equation. 2w® —5w? +6w—2 = (W—(1+i))(w—(1-i))(2w—A)

Comparing constants,

2w —5W? +6w—2=0
(w—(1+i))(w—(1-i))(2w-1)=0
w=1+i, 1-i, %

Alternative solutions to parts (ii) and (iii)

Since coefficients are real, if first root is 1 + i, then second root is 1 — i
Quadratic factor is (W — 1 — i)(w — 1 + i)=w? — 2w + 2
2w +aw? + bw — 2 = (W — 2w + 2)(2w — 1)

= (2W° — AW’ + 4w) + (—W? + 2w — 2)

= 2w° — 5W? + 6w — 2

givinga=-5andb =6

And third root is w = 1/2

LetP(z)=2"-22z" +az+1+3i
=P(i)=i’-2i" +ai+1+3i=0

—i+2+ai+1+3i=0

1+2i—-a+i—-3=0

=a=-2+3i

Use long division or by comparing coefficient method,

P(z)=2"-22"+(-2+3i)z+1+3i
:(z—i)[z2 +(—2+i)z—3+i]
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o (2ei)r-3ri0ms g o ZCRHIENZH ~4(E4)
2

(2-i)x(4-i)

2

=7= =z=-1or3-i

11  z=cos@+isind@=¢e"
3+i(3z+1)=¢'"*"
—eim.plf —
3+i=-z-3zi=z(-1-3i)
z=-0.6+0.8i

Challenging Questions

1 Point A represents 2e -
.57

Point B represents 2e 2

XBOA = Sz _m _*x
12 12 3 A

|OA| =2=|0B|

We can now conclude that triangle ABC is isosceles. 0

v

In addition,

- XOBA= xOAB—1[_Z|_Z
2" 73)7 3

..aOAB is an equilateral triangle.

2 Since z =i is aroot of z3+(1—3i)22—(2+2i)z—2=0,We have
(z—i)(zz+az+b)=0
z°+(a—i)z* +(b—ai)z—ib=0
Comparing coefficient,
a-i=1-3 & ib=2
a=1-2i & b=-2i
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2’ +az+b=2"+(1-2i)z-2i=0

| —(1-2i)x(1-2i) - 4(-2i)

= 2
_ —1+2i£(1+2i)
- 2
=2ior-1

.. The otherrootsare z=2i & z=-1.

[23+(1—3i)z2 —(2+3i)z—2]* =0
() +(2-31) (z) +(-2-3i) 2 —2=0
(2) +(1+3i)(2) +(-2+3i)2 ~2=0

Note that w=2z", the roots of the equation w? +(1+3i)w’ +(3i—2)w—2=0are w=—i,-2i,-1.

3 (i)  Substitute w= X+ yi into the first equation to obtain:
X% +y? —16+/3i +8i(x + yi) =0
Imaginary parts: ~164/3+8x=0 =x=2{3
Real parts:  x*+y*—8y=0
Substitute x=2+/3 : y?—8y+12=0
(y-6)(y—2)=0 = y=20r6(NA - y<b)
W= 2«/§+2i

(i) Method 1:

Wz2(«/§+i):4eEi
w" =(4e5i) =4”e?i =4" (cosn{ﬂsinn{j is real if sin%[:o .

r]—ﬂzk;r where k e Z .

w" is real provided n =6k where k € Z.

Method 2:

T N
arg(w) = — = argw")=—
g(w) 5 g(w") 5
Since w" is real, n?ﬂzk;r

n=6k whereke?Z .
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ol L e

3 i i —
(Wj 1 e M
4

arg(i_) =arg(z)+argi—arg(l+i) = E;r
1+1 4

= arg(z) :% since argi—arg(l+i) = %

Ny
NG

arg(z):% &l7|=4 =z=4i
(v) Method 1:
Area of triangle required :% base x height :%(4)(2\@):4\/5 unit?

Method 2:
T . T
/Z0OW =— (using argz—argw=———
3 (using arg g 5 6)
Area of triangle required
= % (0OZ)(OW)sin £LZOW

1 . T
:5(4)(4)sm§

= 4/3 unit?
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