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1 The points P and P' in the Argand diagram represent the complex numbers z
and z'respectively. The transformation T:P — P', where T(P)=P', is
. k? . .. .
given by z'=— where k is a non-zero real constant and z is the conjugate
4

of z. Show that the line PP passes through the origin O. [2]

Let Q represent the complex number w and Q'=T(Q). If P and Q lie on the
circles with centers at the origin and of radius 2 and 3 respectively, find the
value of k for which the ratio of the area of triangle OP'Q" to area of triangle

OPQ s 4:1. Give your answer in exact form. [3]

2 Let F, be the sequence of Fibonacci numbers :
F=LF,=1and F,=F _,+F,, forallneZ,n>3
and L, be the sequence of Lucas numbers:
L=1L=3and L,=L, ,+L, , forallneZ,n>3
Itcan be proventhat L, =F, ,+F,, forallneZ,n>1.

(a) List down the first 6 Fibonacci humbers and Lucas numbers and verify
that L, =F ,+F,, istrueforn=5. [2]

n+1

(b) For a fixed m where m > 2, prove by induction on n that

I:m+n = I:m—an + I:m l:n+l' [5]
(c) Hence or otherwise, show that F, =F L, . [2]
i0)2 0 i 20
3 (a) Show that (1-€" )" =—4e"sin > [2]

(b) For a positive integer n, series C and S are given by

2n) . 2n) . 2n) . .
S=- 1 sing+ 5 sin 28 — 3 sin3@ +.....+sin 2n4.

Show thatC = (—4)n cosnésin® [% 6’), and find a similar expression forS.  [4]

(c) Giventhat w=e" isasixthrootof 1, where —z < @ < r, find the possible

values of (1—w)® without using a graphing calculator. [5]
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4 The terms of a sequence are denoted by u,,u,,U,,.... and are related by the

equation
u, =4u -u._,-6u , , r=3
ur
Denoting | u,_, | by X,, the above relation may be written as x,, = Mx,
u._,
1)(4)(9
where M is a 3x3 matrix . Find M and verify that [ -1(,] 2[,| 3| are
1){1)\1
eigenvectors of M. [4]

Express M in the form PDP™ , where D is a diagonal matrix and P is a 3x3
matrix. ~ Hence, obtain a formula for u, in terms of r, given that

u=-7,u,=1and u, =-1. [7]

5  Consider the equation f(x)=0 where f(x)=sinx+Inx, x>0.

(i) Show, without the use of a graph, that there is exactly one root in the
interval (0.5,1). [2]

(i) Find an estimation for the root using linear interpolation once and
determine, with clear explanation, whether it is an underestimation or
overestimation of the actual root. [5]

(iii) Explain why using linear interpolation a second time, with the estimated
root in (ii) and 1 as the interval limits, will be unwise. [1]

A student wants to use an iterative formula to find an estimate for the root of
f(x)=0 using x, =0.5 as the initial estimate.
(iv) By considering a necessary condition, explain why the iterative formula

X, =sin" (In lj may not work. [2]
X

(v) By using an appropriate iterative formula, find an estimate for the root,
correct to 2 decimal places. Explain why, using standard series from

MF26, the initial estimate of x, =0.5 is an appropriate one. [4]
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Section B: Probability and Statistics [50 marks]

6  The sine distribution, X, is defined by the probability density function given
by f(x) :%sin(nx), x €[0,1].

(i) Find the cumulative distribution function of the sine distribution. [2]

(i) Show that, if Y =%(1—cos(7zx)), then Y is the standard uniform

distribution i.e. Y ~U (0,1). [3]

7 Drink driving is one of the main causes of traffic accidents. Many drivers do
not think that their reaction is impaired after drinking 2 cans of beer. To study
whether this is true, a researcher randomly selected 20 drivers and got them to
complete a reaction test before and after drinking 2 cans of beer. The results
(timings in seconds) are as shown in the table below.

Before | 42 | 43 | 44 | 44 | 45| 47 | 48 | 50 | 51 | 52
After 41 | 44 148 149 | 47|51 ]50[53]53]|55

Before | 53 |54 |58 |60 |61 |61 )|63|65]| 66|66
After 55 | 57 |57 ]58|61]66]|65]|65)|68]6.9

Conduct an appropriate t-test to determine if drinking 2 cans of beer impairs [5]
reaction time, stating clearly a necessary assumption.

8  Twelve pairs of identical twins are allocated to two training programmes, A
and B, with one twin of each pair to each programme. At the end of the
training the twins are observed by a panel of expert teachers and, for each pair,
the better performer is determined. The results are as follows:

Pair 1 2 3 4 5 6 7 8 9 10 11 12

Better A A B A A A B A A B A A
Performer

(@) Do these observations provide evidence that programme A is a better
training programme than programme B at the 5% level of significance? [4]
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From the scoresheets of the panel of expert teachers in which the better
performer is given a higher score, the differences in performance score for
each pair were tabulated and the order of the pairings based on the magnitude
of the absolute differences in descending order is as follows:

Pair 5 9 4 3 1 8 12 2 7 11 6 10

(b) Making use of this additional information, perform another test on
whether there is evidence that programme A is a better training
programme than programme B at the 5% level of significance. [4]

9  Anexperiment was carried out to test if experienced fun claw machine players
have a higher chance of ‘catching’ the prizes as compared to novice players.
Two groups of 20 players each were randomly selected, with one group
consisting of experienced players and the other consisting of novice players.
Each player played a total of 10 games.

The experienced players ‘caught’ m prizes in total and the novice players
‘caught’ r prizes in total. A 95% confidence interval for pe, the proportion of
prizes ‘caught’ by the experienced players, was found.

(i) Find the largest possible width for the 95% symmetric confidence interval
for pe, leaving your answer to 4 decimal places and state the
corresponding value of m. [4]

(if) Itis now known that the 95% symmetric confidence interval found for pe
is (0.2365,0.3635). Find the value of m. [2]

(iii) Given that r =45, find a 95% symmetric confidence interval for pn, the
proportion of prizes ‘caught’ by the novice players and state what is meant
by “a 95% confidence interval for pn”. [4]

(iv) State an assumption necessary for the 95% symmetric confidence interval
for pnand pe to be found. [1]

(v) The experienced players claimed that they are better in ‘catching’ the

prizes as compared to the novice players. Discuss briefly whether the
confidence intervals support this claim. [1]
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10

A population of N objects is classified according to two attributes A and B.
The numbers n;,n,,n,,n, in each category, shown in the following table, are

such that n, +n,+n,+n, =N.

A not A

Not B

Show that if the attributes A and B are independent, then nn, =n,n,.

Each item of a random sample of 100 items selected from a day’s production
at a factory was classified according to quality and the shift during which it
was made. The results are given in the following contingency table.

Shift

[2]

Day

Night

Quality

Good

Defective

48
8

34
10

ASRJC 2023

It is required to test whether the attributes of quality and shift are independent
in this day’s production. State why it is incorrect to deduce from the fact that
48x10+#34x8 that quality and shift in the day’s production are not

independent.

Suppose the contingency table were as follows.

Shift

Day

Night

Quiality

Good

Defective

48 -m

8+m

34+m
10—m

[1]

Determine the range of positive values of m in order that the data would
provide significant evidence at the 10% level that quality and shift are not
independent.
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11 A store owner claims that the number of customers entering the store in a
randomly chosen hour can be modelled using a Poisson distribution with A
as the average rate at which the customers are entering the store per hour.

(i) State two assumptions that the store owner has to make in order for the
claim to be true. [2]

(if) Given that m is the modal number of customers entering the store in a
randomly chosen hour, show that A-1<m<A . If 1 is an integer,
deduce the modal number, leaving your answer in terms of 1. [4]

(iii) There is at least a 20% chance that there will be exactly m customers
entering the store in a randomly chosen hour. Find the range of values for

A if A isan integer. 3]
(iv) The store opens for 24 hours. Given that A =3, find the probability that

there are no new customers entering the store for more than 5 hours if

there were no new customers entering the store for more than 2 hours. [3]
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