Chapter 9 Maclaurin Series TMJC 2024

H2 Mathematics (9758)
Chapter 9 Maclaurin Series
Assignment Suggested Solutions

1 2015(9740)/1/6
(i)  Write down the first three non-zero terms in the Maclaurin series for In(1+ 2x),

where —% <X< % , simplifying the coefficients. [2]

(it) It is given that the three terms found in part (i) are equal to the first three terms in
the series expansion of ax(1+ bx)C for small x. Find the exact values of the
constants a, b and ¢ and use these values to find the coefficient of x* in the expansion
of ax(1+ bx)C , giving your answer as a simplified rational number. [6]

0 (29", (29

In(1+2x)=2x—T+T+-~- Replace x by 2x in
In(1+x) in MF26

2 8 3

=2X—2X +§x 4

2 3 -1 r+l _r
ln(l+x):x—x—+x——...+( ) x
2 3 v

+... (-1<x<1)

(i ax(1+bx)c=ax(1+c(bX)+¥(bX)z+-") Replace x by bx

and n by c in

= ax+abhcx’ +

G e S R R G S8 N (F1PY))
21 r!

(1+x)" =1+nx+

By comparing part (i) and (ii),
Coefficientof x: a=2

Coefficient of x* :  abc=-2=>b=— (ra=2)
c

Coefficient of x® : Mab2 _8

w
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3c—-3=8c

_3(_8j(_13j
Coefficientofx“:a[wxba}zz 5\ 5 5 (5)

31 3! 3

104
o7 Question only wants
coefficient, so don’t B
give the whole term,
i.e. you should not have
the x*
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2 2019(9758)/ACJIC Promo/Q7a & 2019(9758)/MI Promo/Q8

(a) Given that @ is sufficiently small, show that tan (% + 0) ~~[3+40 + 4307 [3]

(b) Itisgiven that f(x) =In(1+sinx).

(i)

(i)
(iii)

Without the use of a calculator, find f(0), f'(0)and f"(0). Hence write down

the first two non-zero terms in the Maclaurin series for f(x). [5]
2
By substituting x = 0 , show that In2 ~ .z [3]
6 72 6

John wants to use the Maclaurin series found in part (i) to estimate the value
of f(x) when x=a, where a is a real number close to zero. Suggest one

recommendation for John to improve the accuracy of his estimation. [1]

2 | ACJC JC1 Promo 9758/2019/Q7a, |

(a) NORMAL FLOAT AUTO REAL RADIAN MP n

tan( %)
.............................. 1.732050808 )
e 3 tan| Z || =3
o s \ 3 =

tan (Ej =3

3
tan -+ tan 6 T
tan (% + gj -3 Note that (§+ 49) is not small, so you

Recall that tan6 ~ 6
when @ is sufficiently
small.

1—tan£tan(9
8 cannot do tan (%4—0) z%+0

B V3+tan6o
1-+/3tan® We need to apply result from MF26.
+ .
z\/§+9 tan(4 + B) = linA_tanB
1-/36 | ¥ tan Atan B

Always remember to rewrite the term in the
denominator as negative power before expanding.

= (V3+0)(1-+30)"

Replace
(1+x)"=1+nx+n(nT|_l)x2+...+n(n_])"'$n_r+])x'+... (]x|<1) x by —+/30 in
' - (1+x)" in MF26

- (J§+9)[1+(—1)(—J§9)+M(—J§9)2 +j

2!
= (\/§+0)(1+\/§9+392 +)

—J3+30+3J30%+0+/30% +...
= J3+460+4J30% + ...
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(bi)

Method 1 (Implicit differentiation)

f(x) =In(1+sinx)
Differentiate wrt X,

, COS X
f'(x) = Tesi Cross-multiply to simplify
+sin x : :
. , before differentiate
= (1+sin x)f'(x) = cosx

Differentiate wrt X,
(1+sinx)f"(x)+(cosx)f'(x) =—sinx—————— 0

f(0)=In(1+sin0)=0 ) :
Notice the question asks to
£(0)= co§0 1 find £(0), f'(0)and f"(0).
1+sin0 <« | And only the first two non-
Sub x =0 into (1): zero terms are required,
(1+sin0)£"(0)+(cos0)f'(0)=—sin0 |mp|_y|ng one of the values
are likely to be 0.
=f"(0)+1=0

=f"(0)=-1

Concept: Use Maclaurin Theorem to find the Maclaurin Series required

> f(x)=f (O)+xf’(0)+);—2!f”(0)+---+)r(1—n!f(”) (0)+--- (in MF 26)

f(x) = O+(1)x+(—1)[);—2|j+...
=X—=X"+...

Method 2 (using quotient rule — not recommended)

f(x) =In(1+sinx)

P =
1+sinx
£1(x) = (1+sin x)(—sin x) - (cos x)(cos x)
(1+sin x)2
_ —sinx-sin® x—cos’ x
(1+sin x)2
f(0)=In(1+sin0)=0
£0) =0 _4
1+sin0
£7(0) = —sin0—sin’0-cos*0 _ ,
(1+sin0)’
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X2
f(x) :0+(1)X+(_1)[§j+'"
Cx—ixs,
2
i
(i) When x = —Z,
6 ) Substitute x = -2 into both
. T r 1 =& 6
In {“3'”(—5)} = —E—E(—gj + the LHS and the RHS of the
, Maclaurin series expansion in
nl1-t)o_7_7" part (i)
2 6 72
e o
2 6 72
In2* = _z_m
6 72
2
~n2=-Z-Z
6 72
2
n2~2+2Z (shown)
72 6
(iif) | Use more terms in the Maclaurin series of y = In(L+sin x) for the estimation.
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3 2018(9758)/CJC Prelim/Il/1
Given that f(x) =e"™"*, use the standard series to find the series expansion for f(x) in the
form a+bx +cx? +dx®, where a, b, ¢ and d are constants to be determined.
Hence show that the first three non-zero terms for the expansion of ( —— in ascending
esmx
powers of X is 1—2x + 2x°. [4]
The functiony =g(x) satisfies 43_y =(y +1)2 and y=1at x=0.
X
(i) By further differentiation, find the series expansion for g(x), up to and including
the term in x.
Hence show that when x is small, g(x)—f(x)~ %xs : [5]
(it) By using the result in (i), justify whether f(x) is a good approximation to g(x) for
values of x close to zero. [1]
Q3 | 2018(9758)/CJIC Prelim/11/1
f — sinx -
(x)=¢ . > X .\ x° .\ (=) x2*! . Standard series
:eX—§+ SINx=Xx 3 51 (2r+])| fOI’ SlnX
X3 2 3
Replace x by — in e* in MF26 JERTE SENE A S
: 21 3 r!
Y Y Standard series for e
[ xsj a 31
=14+ X—— |+ + 4
3! 2! 3!
3 2 3
=1+ x——+—+X—+
6 6
2
=1+ x+X—+

a=1 b=1, c:%anddzo
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2
From previous result, ™™ =1+ x+?+---,

1 1
(esinx)2 B X2 2 Al b . h
1ex+ X 4. ways remember to rewrite the
term in the denominator as
[ 2 2 negative power before expanding.
x 1+x+—j

1+x)"=1+nx+

n(n—l)xz+“-+n(n—1)---("_r+1)x'+_,_ (|x|<1)
2

r!

:1+(—2)[X+EJ+M[X+KJZ+... Replace x by [HX?ZJ

(i) gy (y+1)

Differentiating with respect to x, Note that:

R dy dy ﬂj (dy) NoT &Y
d2 2(y+1)dx /[dxj(dx dx dx?

Differentiating with respect to x,

PR d’y [dyJ(dy)
—2(y+1 ol L[
d e =2l )(dxz}r dx )\ dx
d’y d’y [dy}
—2(y+1 2
a2 )(dx j+ dx

2 3
Sub x=0, y=1, dy_q d_Zzl,d_zzﬁ
dx dx x> 2

Concept: Use Maclaurin Theorem to find the Maclaurin Series required
2

> f(x)=f (O)+xf’(0)+%f"(0)+---+)r(1—n!f(”) (0)+--- (in MF 26)

. -, x> (3%
Using Maclaurin’s formula, g(x) =1+ X+204 5 3t

2 3
g(x)=1+x+?+—+---

x> x 1
—f(x)=]1 SANIUIARSTTPU P | x4
g(x)—f(x) (+x+2+4+ J (+x+2x + J

X3
~— (shown
- (shown)
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)| For values of x close to zero, g(x) —f(x) = %xa —0

Therefore, f(x) is a good approximation to g(x) for values of x close to zero.

[

Note that: if f(x) is a good approximation to g(x) , that means that the difference,
g(x) —f(x), would be very small. And notice that when x -0, %x3 — 0 (This explanation

must be given before you conclude that the estimation is good.)

Also note that question wants you to use the result in part (i), so graphical method is not
accepted here.

Page 8 of 10



Chapter 9 Maclaurin Series TMJC 2024

4 2012/RVHS Prelim/1/Q4
2
Itis given that y = (cos™ x)z. Show that (1— xz)(j—yj =4y, [2]
X
By further differentiation of this result, find the Maclaurin’s series for y up to and
including the term in x°. [4]
Deduce
() the equation of the tangent to the curve y = (cos‘1 x)2 at the point where x = 0,
[1]
. : : : : 2c0s ™ X :
(it)  the first two non-zero terms in the series expansion of by expressing
2
1-x* as (\/1—x2) : [2]
Q4 | 2012/RVHS Prelim/1/Q4
y= (cos‘1 x)2 -- (1)

d 1
d—izz(cos X)[_\/:TJ - (2)

Squaring both sides, we get

(d_yj2 _ 4(cos‘l x)2

dx 1-x°
(1-x )(gyJ =4y (shown)

(1- x)(jﬁ} =4y

Differentiate with respect to x:
a-x)2) 2020 ] =42 -
Substitute x = 0 into (1), (2) and (3):
2
y= (cos O) (Zj :T

3_y 2(cos O[ ! J (1)——

X J1-0?
(1-0%)(2)(-= )d—Z_—4n - WZZ

r° 2,
Y= —+(-m)X+—X" +...
y 4 ) 2!

yZT—ﬂ'X-FX + ...
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(i) : _ n :
Equation of tangent: y = -7z X+—. Tangent to graph at x =0 is the
4 equation of straight line y =mx+c
obtained from the series.
(i) | 2cos™x
x* -1
__2cos™x
1-x° | 205!
_ 2cos ! x Observe that d_y = %
e X _
V1-x*1-x° 1=x
;1
= d_y (1_ X2 ) 2 d
x Find &Y from Maclaurin’s expansion above and the
_ 1, dx
= (—m+2x+..) 1+§X +... | e— .
expansion of (1—x?) 2 using binomial expansion
e a2y p (1-x*) 2 using pansion
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