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Topic 13: Complex Numbers

1.

Key questions to answer:

Complex Numbers in Cartesian Form

What is a complex number? How is it different from a real number?
- How is the complex number i defined?
- How do we write a complex number in its Cartesian form?
- What is the relationship between the set of real numbers and the set of complex numbers?

2.

Complex Numbers in Polar & Exponential Form

When can we say that two complex numbers given in Cartesian form are equal?
- How do we apply this property to solve simple equations involving a complex variable?

How do we carry out arithmetic operations (addition, subtraction, multiplication, division

and taking square root) on complex numbers in Cartesian form?

- How do we relate the addition and subtraction of complex numbers to addition and subtraction
of vectors?

What is the conjugate of a complex number? What are its properties and applications?

What can we say about the roots of polynomial equations with real coefficients?

- How do we solve polynomial equations with real coefficients?

- Understand that complex roots of a polynomial equation with real coefficients occur in conjugate
pairs.

How do we find the modulus and argument of a complex number given in Cartesian form?

How do we represent a complex number in Cartesian form by a point in the Argand

diagram?

- How do we interpret geometrically, the terms ‘real part’, ‘imaginary part’, ‘modulus’,
‘argument’ and ‘conjugate’ of a complex number?

8.

10.

How do we convert a complex number from one of the following forms to another:
(a) Cartesian form, (b) polar form and (c) exponential form?

How do we multiply and divide two complex numbers given in polar and exponential
forms?

How do we represent a complex number in polar form by a point in the Argand diagram?
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81 Introduction

1.1  Roots of quadratic equations

How many roots do you expect to obtain when solving a

Let's be quadratic equation?

intellectually
curious!

Solve the following quadratic equations:

e- @) x> +2x-3=0 Two real and distinct roots
-2+
x=2_T\/1_6 —x=-3o0rx=1
(b) X2 +2x+1=0 Two real and repeated roots
2+
X= 2+ \/6 =>x=-1
2
()  x*+2x+5=0 No real roots
‘o —2++/-16
2

Can we expand our notion of numbers to those that are non-real? How then can we
express the roots of equation (c)?

1.2 Definition and Terminology

Definition 1.2.1 (Imaginary Unit)

The imaginary unit, i, is a number such that i> =—1. Hence, i =+/—1.

Thus, the square root of any negative real number can then be written in the form
of ai, where a is a positive real number.

For example, v—3 =+/(3)(-1) =+/3J-1= («@)l .

Definition 1.2.2 (Complex Number in Cartesian form)

A complex number, z e C, is a number of the form x+1iy, where X,yeR.

The symbol C is used to denote the set of complex numbers.
Hierarchy of the number system:

Complex Nulmbers, C

[ 1
Real Numbers, R Purely Imaginary Numbers
|

[ 1
Rational Numbers, Q Irrational Numbers
|
[ 1
Integers, Z Fractions
|
[ [ 1
Negative Integers  Zero Positive Integers
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Definition 1.2.3 (Real and Imaginary Parts of a Complex Number)

If z=x+1y, X,y€R, then

x is the real part of z and is denoted by Re(z) : (i.e. Re(z)=x)
y is the imaginary part of z is denoted by Im(z). (ie. Im(z)=y)

Note:

1. If x=0,then z=1y is a purely imaginary number.
2. If y=0,then z=X isa real number.
3. Im(z)=y isareal number. Im(z) is NOT iy.

Definition 1.2.4 (Equality of Complex Numbers)

Two complex numbers are equal if and only if their real and imaginary parts are
equal.

That is, given that z, =X +1y, and z, =X, +1y, where X, X,,Y;, Y, € R, then

,=1, & X =Xand Y, =Y,.

Note:

1. z=0 < x=0and y=0

2. Inequalities do not apply to complex numbers that are not real numbers. For
example, we cannot say 2+i is larger or smaller than 2—1i.

Example 1.2.5

Find x and y, where X,y e R, if Xx+2y+i(3x—y)=4+2i.

Solution:

Comparing real part on both sides, we get X+2y=4 ———(1)
Comparing imaginary part on both sides, we get ~ 3x—-y=2 ———(2)
Solving equations (1) and (2) simultaneously, we get x = % and y = %

Note: We must ensure that the terms on both sides of the simultaneous equations
are real.
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82

2.1
(1)
(iii)

(iv)

Arithmetic Operations on Complex Numbers

‘i’ follows all arithmetic operations on real numbers

Addition: 3i+4i=Ti (i) Subtraction: 10i—3i=7i
Multiplication:

axi=ai; i(a+b)=ia+ib;  aixbi=abi’ =-ab, wherea,beR.
In particular,

i = —1 (by definition)

3

i2
|

¢

—I
2

S

14
|
-5 -

Hence, i to any power can be reduced to one of i, —1, —ior 1.
Division:  it=T=10_1_ )
T T

For Sections 2.2 to 2.3, consider two complex numbers z, =X +iy, and
Z, =X, +1y, where X,X%,,Y;, Y, €R.

2.2

(@)
(b)
(©)
(d)

2.3

Addition, Subtraction & Multiplication of Complex Numbers

2,+2, =(X+iy)+(+iY,)=04+X%)+i(y,+Y,)

2,-2,=(x+1y) -0+ y,)=(%—%)+i(V,—Y,)

kz, =k (% +1iy,) =kx +iky,, ke R

2, %2, = (X +iy,) (X, +iy,) = XX, +iy,X, +iX Y, +i*V,Y,
= (X% = ¥1¥,) +i(X,Y, + % Y,)

Division of Complex Numbers

This is done by realising the denominator, which is multiplying the complex
conjugate (refer to page 6) of the denominator to the numerator and denominator.

Z

L%y X olY, (% 4 YY) HI00Y —XY,) - XX+, il XY m XY,
Z, X+t iyz X, _iyz Xz2 + yz2 Xz2 + y22

2 2
X 1Y,
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Example 2.3.1
Express the following complex numbers in the form x+iy, where x,y e R.
(@) (2+30)— (-1 +2i) (b) (2+4i)(1—i) ( 1o
4+3i
Solution:
(@) Q2+3)—(-1+20)=2+3i+1-2i=3+i
(b) +4)(1-i)=2-2i+4i—4i°>=2+2i+4=6+2i
©) 5+10i:5+10i 4—3i=20—15i+40i+30250+25i=2+
4431 443 4-3i 16+9 25
Example 2.3.2
Solve the simultaneous equations (1—i)z+2iw=0 and 3iz+(l+i)w=i.
Solution:
@-Nz+2w=0 --—-- Q) ; 3iz+@+Dw=i - 2
From (1), we have z = _fﬂ Substituting into (2), we get
—i
3i(‘2—"f"J+(1+i)w=i
1-

W Asiwe=i

1-1 —> Therefore,

6w+ (1-i*)w=i(1-i)

8w=i+1 —2i(é+;i) E(l—i) L
w=lid =— 7 Tt
8 8 - - -

Example 2.3.3

Find the square roots of 3+4i.

Solution:
The question requires us to evaluate '3+ 4i . Let J3+4i =x+ iy.

Then (x+iy)2 =3+4i = x> -y +2ixy=3+4i.

Comparing the real and imaginary parts on both sides, we have:
XP—y?=3 - @ ; 2xy=4 —(2)

Solving simultaneously, we have x=2,y=1or x=-2,y=-1.

The square roots of 3 + 4i are 2+i and —2—1i.
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83  Complex Conjugates

Definition 3.1 (Complex Conjugate)

The complex conjugate of a complex number z=Xx+iy is defined to be the
complex number x—iy and is denoted by z*.

For example, if z=3-5i, then z*=3+5i.
Properties 3.2

= zz*=(x+iy)(x—iy)=x*—i’y* +iyx—ixy = x* + y*, i.e. the product of
any complex number and its conjugate is real.

" z+7*=2Re(z) " (z,£7,)*=17,*%27,*
= z—7*=2ilm(z) " (nz,)*=1*27,*
= (2% =z = (2") =(2*)". where neZ
= (kz)*=kz*, where keR . (i]*_zl_*
ZZ 22*
Example 3.3

If Zl:2+i and 22 =4—j , find (221+22)* and (lez)*.
Solution:

(22,+2,)*=22,*+2,*=2(2—i)+(4+i)=4-2i+4+i=8—i
(22,)*=2,*2,*=(2-i)(4+i)=8+2i—4i—i*=9-2i

Example 3.4
If z=4+09i, find zz*.

Solution:
2% =(4+9i)(4-9i)=4>—(9i)" =4? +92 =97

Example 3.5

*

Find M

-\3

in the form x+1y.
(2-1)
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Solution:

*

[(2+iﬂ [(2+i)*T _(2-iy _(2-if =3-4

(2-i)  (2-0)  (2-i)

Example 3.6
Solve the simultaneous equations @-i)z+2iw=0 --- (1) and
3iz+@Q+D)wr=i --- (2)
Solution:
From (1), z :_12—'YV -(3)
—i

Substituting (3) into (2),
3i(‘2—"fvj+ (L)W = |
1-1
3i(-2iw) + L+ i) A-i)w*=1-1)i
6W+2w* =1+1i

Let w=x+1y, where x and y are real. Then
6(X+1y)+2(x—iy) =1+Ii

8x+i(4y)=1+i
. S 1 1
Comparing real and imaginary parts, x:g,y:Z .
Hence w:£+1i and Z:—Z_n{v:§ Ei.
8 4 1-i 8 8

Example 3.7 (GC Practice. Refer to Appendix | for more GC information)

Given that z = 11 find (i) vz (i) 22 + =
1+i z*
Solution: . .
(i) (-7+171)/701+10372
7 417i = VS
Step 1: Store z as — in the GC.
1+i

rel X A-lock L2 Z entry solve

sto—» alpha 2 enter
Use [ ] [ ] [—J to store the complex number as z. GC will

simply express the number in Cartesian form. [Note that you should have changed
the mode to “a + bi *“ form.]

Step 2: Find vz . iz

Y
Alock L2z .8tk

] I
Using to call out z, we obtain 3 |-oovvvioiii L AT E R

+ 2i as a square root of z.
[To check your answer, you may want to square 3 + 2i to see if you get back z.]
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In the above solution for Example 3.7(i), is 3 + 2i the only

Let's be square root of z?

intellectually

Check the answer using the algebraic method shown in
Example 2.3.3.

. . 1 Z*+1/coni(2)

2
(i1 Find 2%+ . 7118,9704142+120, 07100591
Using conj( from MATH CMPLX menu to represent z*, we see that z? +i* =

z
—118.97 + 120.07i.

84  Complex Roots of Equations

Theorem 4.1 (Fundamental Theorem of Algebra)

Every polynomial of degree n with coefficients in C has exactly n roots in C,
including repeated roots.

Note: Complex roots include real roots as the imaginary part can be zero.

Theorem 4.2 (Complex Conjugate Root Theorem)

All non-real roots of a polynomial with real coefficients must occur in conjugate
pairs.

Thatis, if z (=a+ib,b = 0)is a root of

ax"+a, X""+a X" +..+a,X’ +ax+a, =0 where a € R, for
i=0,1 2, ..,n=-1n,
then z* (=a—ib,b=0) is also a root of the equation.

Example 4.3

Solve x*+2x+5=0.
Solution:

By Fundamental Theorem of Algebra, we expect 2 roots.

2
X2+ 2X+5=0=> X = —2£y2 ~400O)

=-1+2ior —-1-2i
We see that the Complex Conjugate Root Theorem holds true as the coefficients
are real.
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Alternatively, using a GC,

POLY ROOT FINDER MODE MATN _MENU 2%+ 5=0
ORDER 1H34567 8910 | MEPOLYNOMIAL ROOT FINDER 1x2+ 2"”:@
REAL re~{gi) 2:SIMULTANEQUS EQN SOLVER
DEC 3:ABOUT
SCI ENG 4:POLY ROOT FINDER HELP
2123456789 S:SIMULT EGN SOLVER HELP
RADIAN 6:QUIT RAPP =
MATN] HELP INEXT] (MATN I MODE ICLEARI LOAD ISOLYE)| [[MATH T MODE ICOEFFISTOREIF ¢+D1

X==1+2iorx=-1-2i
Example 4.4
Solve 7> -3iz—2=0.

Solution:

3i+ (30 ~4(1)(-2)
2
P ol

2 2
=2iori

722 -3iz-2=0=>z=

We see that i and 2i are not conjugate pairs since the Complex Conjugate Root
Theorem would not hold when the equation has a non-real coefficient.

Example 4.5

By completing the square, solve the equation z° +(4—2i)z—8i=0. Explain why
the solutions are not a conjugate pair.

Solution:
7 +(4-2)z-8i=0
(z+2-i)° -8i—(2-i)" =0
(z+2—i)2 =8i+(2—i)2
(z+2-i) =8i+4-4i-1
=3+4j

From Example 2.3.3, we have found that /3+ 4i :i(2+i).
Hence, z+2—i=+J3+4i =+(2+i)=z=2iorz=—-4.

Observe that since not all the coefficients are real, the complex roots do not occur
in conjugate pairs.
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Let’s be
intellectually
curious!

Let’s be
intellectually
curious!

Example 4.6

Try to solve the equation in Examples 4.4 and 4.5 using the
graphing calculator. Can the graphing calculator solve
polynomial equations with non-real coefficients?

The graphing calculator is unable to solve polynomial
equations with non-real coefficients.

How do we prove the Complex Conjugate Root Theorem?
(Given that z is a complex root of a polynomial of degree n,
prove that z* is also a root of the polynomial)

Hint: You may use the following complex conjugate
properties: (z,+z,)*=z,*+z2,*;
(kz)*=kz*, where keR;
(z”)* =(z*)", where neZ

If 1-i is a root of x°—x*+2=0, find the other roots without using a graphing

calculator.

Solution:

Since the coefficients are real, by Complex Conjugate Root Theorem, 1 + i is also
a root of the equation. Also, the third root must be a real number, a.

By trial and error, we have
f(-1)= (—1)3 - (—1)2 +2=-1-1+2=0, where f(x) = X—x2+2.
Therefore, a=-1 is the third root.

Hence the other roots are x=-1and x =1+i.

Let’s be
intellectually
curious!

Can we solve this equation without using trial and error?

Method 1: Long Division
(x—(1+i))(x—(1—i))= X2 —2X+2

Performing long division of X*—x*+2 by x>—2x+2, we
obtain x+1 as the last factor.
Hence, x=-1 is a root.
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Method 2: Comparing coefficients
The last root must be a real number, . Thus we have

(x=(1+0))(x=(1=))(x—a) =x* = x* + 2

(x2—2x+2)(x—a):x3—x2+2

Comparing the constant terms on both sides of the equation, we get
—2a=2

a=-1

How many real roots can a quadratic/cubic equation with real
coefficients have? How many real roots can it have if not all
the coefficients are real?

Let’s clarify
and seek

85  Geometrical Representation of Complex Numbers
51  The Argand Diagram

A complex number z = x+iy can be represented as  Imaginary Axis

a point P with Cartesian coordinates (x,y) on the x- 'H‘

y plane. y [r -#P(x.y)

The x-y plane is called the Argand diagram where

the horizontal axis is known as the real axis, denoted Real Axis
by Re and the vertical axis the imaginary axis, at : » Re
denoted by Im. O X

Example 5.1.1

Represent the following complex numbers in an Argand diagram:
a=2+3i,b=-2+3i,c=-2-3i,d=2-3i,e=2, f=3i, g=-3, h=-2i

Solution:

Let A, B, ..., H be the points representing a, b, ..., h in the Argand diagram.
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Im

B (-2,3) F (0,3) A (2,3
b bl
\ /
\ /
\ /
\ /
\ /
\ /
\ /
\ /
G (-3,0) \ |/ ER(Z, 0)
_' T T T e :
-3 -2 -1 0 1 2
/[N
/ \
/o \
/ \
/ \
/ 7 (0, _%)
/ -2 \
/ \
/ N D (2,-3
L2 -9

How are the following related in an Argand diagram?

Let’s be
intellectually
curious!

(@) z and z* (see A and D)
They are reflections about the real axis.

e (b) zand —Z (see Aand C)
They are reflections about the origin.

What about A and B? We see that (—z)*: —(z%)

Complex numbers can alternatively be represented by position vectors, i.e., a

. . == [ X].
complex number z=X+1y can be represented as a position vector OP =( ] in
the x-y plane.

Techniques and operations used in coordinate geometry and vectors can be applied
to complex numbers. Addition and subtraction of complex numbers correspond to
the parallelogram law of vector addition and subtraction.

Let z =a + ib be represented by P; 4 SR _pF
22 = ¢ + id be represented by P. A~ -7
z=z1+22=(a+c)+i(b+d)be represented by P. zl// At o /

i /
In terms of vectors, e LN .
OP = @1 + O—Pz. 0 "
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The subtraction z, -z, is the same as the addition of z, Im
N — A
and —z,. Thus, let P,P represents —z,, then the OP 21
represents z,—Z,. n
z=2—21=(c—a) +i(d—Db) be represented by P. L AP
== ot > Re
In terms of vectors, 2, S \\
OP = RR = OPZ _OPl // z, 721\;%/,

What are some possible limitations of considering complex numbers as vectors
on the Argand Diagram?

Let’s be
intellectually

Every complex number can only be represented by position vectors and not
displacement vectors. So for example when finding the difference between two

complex numbers (e.g. Z, —Z,), the vector obtained must be translated to start

from the origin first, before the real and imaginary parts of the complex number
can be obtained. Finding differences of vectors on the other hand, has no such
restriction.

5.2 Modulus and Argument of a Complex Number

Im
A
Y [ oP (x,y)
,,ﬂe Re
0 X .

Without loss of generality, P represents the complex number
Z=Xx+iy, wherex,y e R". We have:

Definition 5.2.1 (Modulus)

The modulus of a complex number z=X+iy is defined as \\x?+y? , and is
denoted by |z|.

Geometrically, it is the distance between the origin and the point P, i.e., the
magnitude of OP .
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Note:

1. |z] is always a non-negative real number, e.g., |-3+4i|= ,\f(—3)2 +4% =5,
2. From vector subtraction (diagram from parallelogram law of vector
subtraction), we see that |z, —z,| =|R ;| is the distance between P, and P;.

Im
A P,

/l 22 PZ

Definition 5.2.2 (Argument)

The argument of z is defined as 6, the angle between OP and the positive real axis,
and is denoted by arg(z).

Note:

1. @ is positive when measured anti-clockwise from the positive real axis and is
negative when measured clockwise from the positive real axis.

2. ltisimportant that you first check the quadrant in which z lies before computing
its argument.

Example 5.2.3

Find the modulus and argument of each of the following complex numbers:
3, -5, -2i, V3+i and —/3—i.

Solution:
3=3, arg(3) =0
-5 =5, arg(-5)=n
-2i = 2, arg(—2i) = -~

2

. . 41
N§+|‘:\/3+1:2, arg(\/§+|)=tan ﬁz

. . 41 5n
VB =EF1=2 arg(_ﬁ_.):_[ﬂ_tan %j:_g

o3

Note: There can be multiple answers for arg(z), e.g., arg(\/§+ i) can be % or other

values differing by 2km , where k €7 . However, we will usually quote the
principal argument as the answer. @ is the principal argument if it lies in the
principal range, i.e., -t <f<m.
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Note:

=

arg(0) is undefined.

zisreal < arg(z) =0 or . r

- . - T ’
z is purely imaginary < arg(z):J_rE. %0 Re

z, z* and —z have the same modulus, i.e., |z|=|z*=|-z| O a —0 X g

1 =(Re(2)f +(im(2))

_y ........................... .Z*:X_iy

o M DN

6. arg(z*)=-—arg(z)

7. |zz* = |z]* | (A very useful result.)

Example 5.2.4
Find the reciprocal of z=2-3i,i.e., l.
y

Solution:

z* 1* 2+3i 2 3.
Tx ol i 13 13"
7 2°+(-3)° 13 13

1 _
yA z

1
==X
z

(Here we are using the identity zz*= |z|2)

86  Polar Form of a Complex Number

6.1 Cartesian Form = Polar Form

Suppose z =X+1y (in Cartesian form). Y [ P (x,)
From the Argand diagram, we have -

r=[z[={x*+y me

tan @ = y for basic angle,d 0 x
X

From the Argand diagram, we also have
X=rcosé

y=rsinf
Therefore,
Z=X+Iiy
=rcos@+irsin@
=r(cos@+isino)
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We have now expressed z in polar form (also known as modulus—
argument form or trigonometric form): z=r(cose+isin 9), where

r>0.
The argument @ is usually expressed in the principal range (i.e. -t <8 <)
unless otherwise specified.

Note: The following expressions (where r >0) are not in polar form. Can you
explain why this is so? Next, try converting them to polar form.

(@) r(cos@—isin@)=r|cos(—0)+isin(-0)]

(b) r(sin@+icoso)= r_cos(g—e)ﬂsm(——eﬂ

What do you
notice about (a)?

(c) —r(cos@+isin@)=r[cos(m+6)+isin n+9]
(d) r(sing—icos@)=r cos(e—E +|S|n } //7\///\'

Example 6.1.1
Express (i) -3 and (ii) —5+51in polar form.

Solution:
(i)

[-3|=3, arg(-3)=n
= —-3=23(cosmt+isinm)
(i)

|-5+5i| = /25+ 25 = /50 =51/, arg(-5+5i) = n—%—3—n

et

87  Exponential Form of a Complex Number

7.1 Euler’s Formula

From the Maclaurin’s expansion of €0s#, sin@ and e* for all real values of x and 6,
we have

2 4 6 3 5
cosH:l—0—+0——0—+..., sin@ = 0—0—+0——...,
21 41 6l 31 5l
2 3 X4
=14+ X+ —4+—+—+...
21 31 4]
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If we let x=16, we get

. 2 . 3 - 4
ei9=1+i¢9+(|9) +(IH) +(“9) F..
21 3! 41
=1+i¢9—£02—i£93+i64+...
21 3! 41

=(1—l¢92 +l¢94 +...j+i(¢9—£6?3+...j=cos¢9+isin9
21 41 3!

Euler’s Formula: e’ =cosO+ising

Let’s be broad If we put & =n in Euler’s Formula, then we would obtain
and adventurous!

- a remarkable identity which links together geometry,
, O algebra, and five of the most essential symbols in math --
e 0, 1, i, m and e -- that are essential tools in scientific work.

e™ =cosm+isint=—1=€e"+1=0

7.2 Exponential Form

Since any complex number can be expressed in the polar form r(cos@+isin ), it
follows from Euler’s formula that we can write

z=r(cos@+isin@)=re",
where r =|z| and & =arg(z), usually expressed in principal range i.e. -t <@<m.

z=re" is known as the exponential form of z.

Note:
1. For z=re'’, #must be in radians and usually expressed in the principal range,
—-n<f<m.
2. ‘e“g‘:|cose+isim9|: cos’ @ +sin’ @ =1.
3. 7= forneZ.
4. e’+e'=2cos0, € —-e =2ising
5. For x,yeR, e = eX.e‘y‘ —[e* e‘y‘ —e
arg(e* ) =arg(e"e” ) =arg(e*)+arg(e” ) =0+y=y
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Example 7.2.1

Express the following in exponential form:

(i) z,=1+i (i) z, =3 i

Im
?i()JIution: 7 ,.z]
|zl|:|1+i|:\5, arg(1+i):% W)Z R
7, = 2e't ©
(i) ™y
|zz|:‘\/§—i‘:M:2, _T Re
arg(\/g—i)z—tan‘l%z—g 01%6.2'
=17, = 2ei(_gj 2

7.3 Multiplication/Quotient of Complex Numbers in Exponential Form
Let z =r(cosd, +ising) =re'* and z, =r,(cosd, +ising,) =r,e'. Then,

1) 2,-2,= rleiel ,rzeiaz _ I’lrzeiel el% — rlrzei(el+92)

Hence, |z,-2,|=nr, =|z||z,] and arg(z-z,)=6,+6, =arg(z)+arg(z,)

We can extend the above result to get
@ |zz,z..2,|=|z]||z|| 2]z, |

In particular, when z, =7, =2,=...=7, =17, we have
(©)
(d)  arg(z")=narg(z)

2| =z

Z rleml _ N jia-e)
) T ae
z, re r,
z, | r |z z
Hence, — =—1=M and arg(—l] =0, -6, =arg(z,) —arg(z,)
Z, r, |Zz| Z,
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Example 7.3.1

Given that z, =1++/3i and z, =—/3+i. Find arg(zz,).

Solution:

_ T 421 bm
arg(z,)=tan™ 3=§ and arg(z,)=tan 1$:E
arg(zlzz)=arg(zl)+arg(22)=g+%=%=_%,

Note: The argument is usually expressed in the principal range (i.e. -t <8 <)
unless otherwise specified.

Alternative Method

2,2, =(1+x/§i)(—x/§+i) Im
=—3+i-3i-3
= —23-2i

, 243 Re
arg(z,z,)=-n+tan"| —= 4 ]
g( 1 2) (zﬁj ,,'Q)arg(zlzz)
e
= 5 = 5 .’ ........................... -2
2,2, ——2\/5—21

What are the advantages/disadvantages compared to the previous method?

Example 7.3.2 (Simplifying using laws of indices)

Express the following in exponential form:
1+i .. 3 4
(i) (if) (L+i)*(V3-)
N

Solution:

S S NRY-LIE WE S (I
V3-i 26‘(‘%) V2 V2

3n 2n

3 (n
i) @+i)PEB-i)=2" :ﬂﬁe"‘j £2e[ j] =322 e(“ 3 32J§e(ﬂj
* You may use the GC if exact form is not required.

Note that by expressing a complex number in exponential form first can aid in the
subsequent manipulations/simplifications.
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Example 7.3.3 (Simplifying using properties of modulus and argument)

Express the following in polar and exponential form.

. . =\8 \2 .. (l_i%)a
i —|\/_ —1+i i 3
(i) (1-iVB3) (-1+i) @ e

Solution:

(i)

‘(1— iVB) (-1+ i)z‘ =l-is3] |1+
()

arg [(1—i\/§)3 (-1+ i)z} =arg (l—i\/§)3 +arg(-1+i)’
=3arg (1— i«/§)+ 2arg(—1+1)

= 3(—tan‘1«E)+2(n—%j=E

2
Thus,
(1—i\/§)3 (~1+i)’ _16e%)

:16(cosg+ising].

(i)
(1—i\/§)6 _‘1—i\/§‘6 _( 1+3): _ o6 1632

(-1+i) “ Fe (V) (V2)

arg % :6arg(1—iJ§)—3arg(—1+i)=6(—tan‘1\/§)—3(n—%)=—177n
principal arg ((1_1I:r/?))3 =—%n+2(2n)=—%

(-i8) o) R,
Thus, : =16+/2¢ =16\/§{cos(—ﬂ+|sm[—zﬂ.

* You may use the GC if exact form is not required.
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Example 7.3.4 (“Half-Argument” approach)

(i) find the real part of q (if) show that the imaginary part of q is %cot?

Solution:
ei&
4= 1"ev
B eié‘
02 (e_i% —ei%)
- e—iez _ei%

e .. 86
Cos_—+isin—
2 2

(9 .. -0 0 .. 0
coOS—+1I1SIn— |[—| COS—+1SINn —
2 2 2 2

e ..60 . 0 .0
Cos_—+isin— icos_—sin
2 2 2 2

—2isin€ 23in€
2 2

1 .1 0
=——+i=cot—
2 2

Thus, Re(q) = —%, and Im(q) =%cotg.

2

The complex number q is given by q = 1e_i9 , Where 0< @< 2m. In either order,
—e

o
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Appendix I: Complex Numbers in GC

This section aims to equip you with some basics of using GC in complex numbers. However, you are
also strongly encouraged to read up any GC guidebook to acquire the basic skills required to utilise
a GC and to explore its various functions.

Note that you may use the GC to help you in your calculations involving complex numbers, unless
it is stated that the problem given needs to be solved without the use a calculator, or if an exact
solution is required.

MORHAL FLOAT AUTO a+bi RADIAN HF

Getting Started

1. Press @ to display mode settings. Scroll down to select
“a+Dbi” so that you can obtain complex number solutions
in Cartesian form.

It is also recommended that you use radian mode for QEZZONTAL  GRAFH-TABLE

FRACTION TYPE:MYE] Uned

calculations involving complex numbers. ANSHERS:

DEC
STATDIAGHOSTICS: OH
STAT HIZARDS: 0FF

SET CLOCK
2. To enter the complex number i, press m @ LANGUAGE:
3. Other operations or functions for complex numbers can be ggn'j'g” /Wi PROB FRAC
found in the Math CPX menu, which contains standard |5, g31¢
operations involving complex numbers. 3:imag(
4:anglel
Press @ to get to the CMPLX menu. 9:abs(
6:PRect
7:Polar

A brief description of the 7 operations or functions in the menu:

Operation: | Form: Explanation:
1: conj( conj(complex number z) Returns the complex conjugate z* of z.
2: real( real(complex number 2z) Returns the real part, x, of z =X+ yi = re'®.

3: imag( imag(complex number z) Returns the complex part, y of z = x + yi = re'’.
4. angle( angle(complex number z) Returns the principal argument, 6, of z=x+yi =
re'e.

5: abs( abs(complex number z) Returns the modulus, r, of z=x + yi = re'.
6: P Rect Complex number z »Rect | Displays z in Cartesian form, z = x + yi.
7: »Polar Complex number z »Polar | Displays z in Exponential form, z = re'?.
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