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Chapter 7A: Complex Numbers I - Complex Numbers in Cartesian Form

SYLLABUS INCLUDES
H2 Mathematics:
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complex roots of quadratic equations
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conjugate roots of a polynomial equation with real coefficients
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1 Introduction to the Imaginary Number i

square of a
number, as the

We know that the solution to the equation x*+1=0 cannot be a real )
real

number cannot be negative. We say x* =-1 has no real roots.
In order to solve the above e

£ » uare iS _1 .
quation, we need to find a “number” whose sq
Let’s suppose sucha “

‘number” exists.
Since we imagined it, let’s call thi

S number the imaginary number i.
We define i as

| i=Jo1

Hence the solutions to x*+1=0 are x= t-1=4.

Example 1

(a) Ifi=\/—_1, simplify i2, 2, i, 000 joi0 jou oz
Solution ‘JJL\L\L ¢ {

LR T ) TR B

=1

- Ak * 4k43
Let’s generalize: If k isa positive integer, then l " \ ,\qw:. ’ TS N (i
/

) Perform the four basic operations on i:

® i+i= N . G) Si-i=<
(i) Six3i= 15i°= -5 (iv) 6i<3i= 2
() Solve for x if x -2x+2=0.
Solution (Y _ I)l- s
2 -
x‘=2x+2=0 ( -
N =) =
1£{4-¢8 ' iy
- T 2 \L_‘._:nlorx—\-ll
B 2td-\+ Y= 1+ or X=X-)4
2
=1t
=S or -3
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2 COMPLEX NUMBERS

Notice that the solution to Example 1(c) is a combination of real numbers and imaginary numbers.
Such numbers are called complex numbers.

2.1  Definition of a Complex Number

A complex number is of the form x+iy where x and y are real numbers and i=+-1.
The set of complex numbers is denoted by C={z:z=x+iy, x, yeR}.

x is known as the real part of z, denoted by Re(z), and

Note that Im(z) does not

y is known as the imaginary part of z, denoted by Im(z).°°Q,

include i.

x+1y is known as the cartesian form of the complex number z.
Example 2

Write down the real and imaginary parts of the following complex numbers: »

z Re(z) ; Im(z)
—2+3i
i s 5
1-1
1 =
—4
b 0
51 5 S

Remarks: -

. ZcQcRcC

. If y=0, then z=x is areal number.
. If x = 0, then z =iy is a purely imaginary number.
. Complex numbers cannot be ordered, i.e. given any two complex numbers z, and z,, we

cannot compare whether z, <z, unless they are real numbers.

Question: Is i<0 or 1>07?
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2.2 Operations on Complex Numbers

In this section, let a, b,c,deR and z,, z,, z, €C.

(@)  Equality of Two Complex Numbers

2 complex numbers are equal if and only if their corresponding real and imaginary
parts are equal, ie. a+ib=c+id < a=candb=4.

For example, if x + 1y=5-3i, we have x= S andy= -3

(b) Addition of Complex Numbers
(a+ib)+(c+id)= (@a+c)+i(b+d)

Addition of complex numbers is commutative: z,

+z,=2,+z
Addition of complex numbers is associative: (z,

+2))+z; =2 +(z, +z,)

For example, (3+4i)+(1-i)= 4 t 3

() Subtraction of Complex Numbers
(a+ib)—(c+id) =(a—c)-i—i(b—d)
For example, (3+4i)~(1—i)= 245

(d)  Multiplication of Complex Numbers
(a+ib)(c+id) = ac +iad +ibe +i’bd = ac+iad +ibc + (-

bd
= (ac—bd) +i(ad +bc)

Multiplication of complex numbers is commutative: 2z, =2,z
Multiplication of complex numbers is associative: (z,

7))z =2, (2,2,)
Multiplication of complex numbers is distributive ov

er addition: z,(z, +z,) = z,7, + i

N .2 g
For example, (3+4i)(1-i)=_ 3-3 + 4{- 4| - 7 4]

(note that i* =-1)

ETEVE

3 . =
G+4)* =G+a)3+4)=__ 3 + A +1=i v 167 " o e gy

Remarks:  The above manipulation of complex numbers is the same as algebraic manipulation

of expressions such as (a+ b)(c+d),(a+b)+ (c+d) andso on. The only
additional consideration is i* = 1.
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We can use the GC to perform operations on complex numbers

Operation

Example

GC Screen

Multiplication of complex
numbers

(Press [2nd)(-] to get i)

(3+4i)(1-1)

(3+41)(1-1)

Vii 3
i

Square of a complex number (3 +4i)
Division of complex numbers 3+4i
1-i

344t

NORFAL FLOAT AUTO REAL RADIAN NP [T

1-L

(3HVIZ(1-1)

How did the GC obtain 31+ A 05+3.5
-1
(e) Division of Complex Numbers
Recall when we tried to simplify k-@, we multiply it by 1-2 so that we could
_ 1+42 1-2
rationalize the denominator.
For 3+‘?l , we will multiply it by E—T, so that | o
1-i 1+1
3+d4i - 3+4i 141 DA+ +4 S0y - = .
= = —x—= AT el g L
1-i 1-i 1+i1 L+
i i - +ib)(c—id +1b)(c-id
—— a+.1b=a+.1bxc Td=(a ; )(f 21 )_(a 12)(c2 id)
c+id c+id c-id ¢ —i'd c“+d
—_ . a+ib
Remark: Note that ¢—id is chosen based on the denominator of vh
: c+i

We call c—id , the conjugate of c+id.
Example 3 [RIC Prelim 9233/2005/01/Q1()]

The complex numbers z and w are such that z = —1+2i and w=1+bi, where beR.
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Page 5 of 15



2018 Year 5
Raffles Institution H?2 Further Mathematics
bs

Given that the imaginary part of 2 is —%, find the value of 5.
Z

Solution ‘
LR e b T B PO JlZ o)
R R I |

Example 4
Without usin g a calculator,

find the square roots of 24 — 10i.
By completing the square,

or otherwise, solve 2— gz = 15-10i.

Solution:

Let the square roots of 24-10ibe x+ yi, where x, y e R.
Then 24-10i=(x+ yi)’
=x* +2xyi + y*i?2
=x’-y*+ 2xyi
Comparing real and imaginary parts:

4=x'-y — ()
~-\0= 1xy 'S—-(D)
Fom(a): y=-% — G

. e D
S n ) 24 =x- -2
7& _'14%-15 =0 Q

(x225)(x*41) =0

\61225 or XL:—I (NA S'”QXQR:
X=215 '
Wha n x=5, y=q- When X=-31 Ye|

The square roots are S Or—Sg-H, 7

Note that evaluating /24 —10i using GC only gives us 5—1.
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Z-6z=15-10i = (z-3)7-32=15-10i

=  (z-3) =24-10i

s z-3 = £(5-1) (from the above result)

=5 z= 8- oF 7—:'1+i
Note:

We can use GC to check our answers.

Substitute z=8—i and z=-2+1 into z2— 6z, and check that both give 15-10i as answers.

4ol = @eb) - % 0% aubi b 3 @pak, DY

Z% 6z 15+ 00 °0

(2-3)-9-1540i=0 '
(2-3)°% 24100
2.32 b 0 {_5
2 :g’f( OY!’Q

¢ (3) U
42294
gk 40’0520
REDICEIR
azkoraq
b= - bz /',-5 z 5 _
& gt = (5:)0rG8)

p
- 17l
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2.3 Complex Conjugates

- * )
The complex conjugate of z=x+iy, where x, yeR, is denoted by z* and defined 4 \

*¥=x-iy

Observe that Re(z¥)=x= Re(z) and Im(z*) = -y =-Im(z). :
z*=x~iy are conjugates of each other, and we call them a conjugate

Note that z =x+iy and

pair.

24  Some Properties

of Complex Conjugates

The following Properties can be proven by letting z=x+iy and w=u+iv where x, y;u,veR.

E__-—_—-\—' perties Proofs Example
(@  (zM)*=:z Mx+iy)**= (x—iy)*=x+iy [l=3i)*]*
=( (431 )=
= [-3
(®)  z+z*=2Re(z) 7(x+iy)+(x+iy)* (1-3i)+(1-3i)*
=(x+iy)+(x—iy) = (143041437
=2x =9
(c) z—=z*=2iIm(z) z/(x-i-iy)—(x+iy)*=(x+iy)—(x—iy) (I-3i)-(1-3i)*
=2ip = (1=3D)-(1+31)
| = .G
@) zz*=x'4)? [(x+iy)(x+iy)* (Gf‘fb)(fls.’,"f'f) @%’i;;a h(l—3i)(l-3i)*
=(r+ip)x-iy) =TT = (1-3)(1431)
=x2—(iy)z (difference of 2 squares) | = [~ (3j)?
=X -ty (=-1) == 15
=x* +y? g
©® z=z* o zeR \/z=z*<:> x+iy=x—iy
< 2iy=0
& Im(z)=0
< zisreal

® (z+w)*=z*+ w*

'J(x+iy+u FV)* =(x+uti(y+v))*
(bt etrd)?

=x+u—i(y+v)
L a/C-(b1d) . -
- q-b+e-id =(x=iy) +(u—iv)
o =z*+w*
Chapter 7A: Complex Numbers
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Properties Proofs Example

(zw)*=z*w* ((e+iy) (u+iv))* = (= yv+i (v yu)) | [A+3D0-2D]*
= xu—yv—i(xv+yu) =f G4 ..
(x+iy)*(u+iv)* =(x-iy)(u-iv) ey s

= xu—yv—i(xv+yu) |~ L

(@sceid)]’ = [act iod tibe WP | @asea-20
- (ae-bd - i(odib0]< | =(1-3) Xwzy )
(atibfCctid)’: (a-ibXC- /d) | -
= 4C-1gd -1bC- bd

= a0-6d - i(ad4bc)<
Note:

We can use (g) to show that (zz)* = (z*)2 by letting w=2z.
We can also show that (z")* = (z*)" , nel’

Example 5
Let z=1+ia and w=1+ib, where a, beR and a>0.If zw*=3- 4i, find the exact values of

aand b.

Solution | ZAE=(I+ la}( I'/0)
awr=3-4i = (+ia) |-1b )=3-4 = [-ib+iQ fab
5 (Ha9ei (a9 =3-4 = [#ab 4/@% w34
| 2k ab, 8, a-b=-4
Q=p+
Equatmg real and 1 1magmary parts [tab=3— Q) 5 w ‘) 2

ob-zbett = C) oy o
Subost C)werio (\)j t+a(o+4)=3 b= f_‘%@'ﬂt@

Ql{__qq_J:D
1= “*tlew - - .
e Tl

Since a>0, a= @a:"l"’]_é and b= at+4 = 2tg

Chapter TA: Complex Numbers
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Example 6
Solve the simultaneous equations z*+w=—1, 2z+ (iw)*=-1.
e s BT
Solution =Ll —
i)
z*4w=-] > P M L )

22+(iW)*=_1

OF o i
l - K . , B
“hiw :“[-—*(?)If. (|

(3)\(&'. ({*_l)z: = | (v £ ’W )

1%

(+2

= 27— iW¥ = —loee(2)

RESUPRT S S

2=atib, w=ctid
a-ib+ Cf/df'l

AT
220-1u" =1
27+ =~/

3

h=n

datidb-i(c-1d) = -/
.?aﬂ'.?b M-ie=-
H-d=-1 , qb-0=023d-c=0
a +0=- 2 d—b:ﬂ ;}d:b
-bs~f=0k
ad+q - qa-d=-1
3d=a::'[

=3 ,4:-1, €=0

Chapter 7A: Complex Numbers
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3 Complex Roots of Polynomial Equations

With complex numbers, we have the following theorem.

Fundamental Theorem of Algebra:

A polynomial equation of degree n has n roots (real or non-real).

Thus, taking non-real roots into account, a quadratic (degree 2) equation always has 2 roots, a
cubic (degree 3) equation always has 3 roots, and so on.

Furthermore, if the coefficients of the polynomial equation are real, we have the following result:

Non-real roots of a polynomial equation with real coefficients occur in conjugate pairs.

In other words, if B is a non-real root of a polynomial equation with real coefficients, then 8* is
also a non-real root of the equation.

Note that real coefficients include the constant term as well.
[Refer to Appendix for the proof of this result]

From Example 1(c) we obtained x=1%i as conjugate pair solutions to x?=2x+2=0.

Example 7 (Quadratic)
Find the roots of the equation z° + (-1+4i)z+(-5+1)=0.

2 +(~1+4i)z+(=5+i)=0 | = & -4 AR5

— 2
(144512
_ 2(1-43-2) ”fé'(/'lﬁf.?/'—})
= 2-3jor- 1 = -3 or f/-/' v

1]

A )l g P oACSH )
- 2

W

Note:
The expression under square root sign can be evaluated using GC.

+/5=12i can be evaluated using GC

Question: Why are the roots not in conjugate pairs?

Answer: Because 0ot all 4R coefficients of the quadratic equation are e (

Chapter 7A: Complex Numbers
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Example 8 (Cubic) Do not use a calculator in answering this question.
Find the exact roots of the equation 2’ —22? +2z—1=0.

Solution

[- 2421 =0 ‘

Since the cubic equation has real coefficients, it has either 3 real roots or 1 real root and 1
conjugate pair of non-real roots.

N ol
‘..D T?UO a 1221 is clearly a solution of 2~22"+2z-1=0 since 1-2+2-1=0. So z-1 is a factor of
"/”'{‘Lm 23—222+2z-1. ' ,ziﬂ
palog = ﬁzﬁ” #
Observe that (or via long division) z* —25 +2; 1= (z=1)(z*-z+1). _(#*-7
Hence 23—222+22--1=0 = (z-1)z2 -z+1)=0 _2;4:3;—
= z=-1=0 or 22-z41=0 ”ﬁ%l
1+y1-4
=2l orgeI 0 -
ie. z=] or z=l+;/3T or z=-l-%§- _ ;j(f{i’ﬁ)
= 2(1215)
Note that the Polynomial Roo P

1. Press [APPS] and select PlySmit2.
2. Select 1: Polynomial Root Finder.

POLYNOMIAL ROOT FINDER
2: STMULTANEOUS EQN SOLVER
3: ABOUT '
4:POLY ROOT FINDER HELP

S:SIMULT EQN SOLVER HELP
6:QUIT APP

3. Adjust the settings as depicted on the screen to solve | eI

E . POLY ROOT FINDER MODE
a cubic equation.

ORDER 12H456789 10
> [13 bt 1) REHL m I"E'\(Qi)
Remember to select “a+bi” or re”(61)” for the GC to [FRAC]

|
- ENEM  SCI ENG
display all roots, not just the real roots. AN 0123456789

CEMIGN DEGREE
4. Press [GRAPH] which is the button below NEXT.

MAIN HELP INEXTl

Chapter 7A: Complex Numbers
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5. Key in the values of the coefficients a,,a,,a, and a. .

6. Press [GRAPH] to solve the system of equations.

[MAINTMODE ICLERRI LOAD ISOLVE!

7. Read off the answers.

x1, x2and x3 give the 3 roots of z.

x2=1+0. 86602540381
x3=3-0. 86602540381

Note : The GC cannot display the roots in exact form.

[MATNTMODE ICOEFFISTOREIF »D |

Example 9 (Cubic) Do not use a calculator in answering this question. -l
Given that 1—i is a root of the equation z —Sz +8z+p=0, wherepeR, find the other 2 roots

and the value of p. /% [
olution [ 1548
Silubon 25T = (3 /ﬁ)(% 1iX3%)

Since the cubic equation has real coefficients, _| Ly is also a root. ( F-7-[2-2114i+12- ,"ﬂ) Z -v(/
= (222 H1/)(Z-9)
= (Zj'o?zﬂil'i 7‘/5 0{2 +2mz,q -’u)

Sm%{ £-52+8z+p=[z-( (+i )] [z-( I- ) ) (=~ K yieas = 2 (- o)} 22 (g )2 - u‘

The third root mustbe 4 reql no ko

m_} = [.(2_\).—;:‘[(2—!)1“}] (Z"k) f:g;ﬁ;:g
Elz-1)2ur® ] (55k) *2"?;;
b= -3 b

(2*-2242) ( Z-K)

Comparing coefficient of z, 3-2I<+2 STk=3 Comparing the constant, ]0: -—l/k =—6

The other 2 roots are i and & ,and p= -6

Chapter 7A: Complex Numbers
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Method 2:

Since 1

=1 is a root of the given equation, an alternative way of finding p is by substituting the
root into the equation,

- 2 =522 +8z+ p=0 " __(_l:,_-y_).f____ —Iﬂ\w '
(=1 ) =5( 1 )2+8(\~'1 )+p=0 D IRt U)&
(3-2)-5621) g 1) hpee U e A (D e

P==6 - T,
F 2%
Since the cubic e

quation has real coefficients, 1+1 is also a root,
The third root must be areal number k.

2 -5z° +8z2-6=[z-(1+1)) [z-(1-D))(z-k)
=(z —-2z4+2)(z~k)

Comparing the constant, —6 = -2k =k=3
Ehe other 2 roots are 1+i and 3.

Remark: The Fundamental Theorem of Algebra tells us that an equation like 7° =1024 has
10 roots (real or non-real). How do we find them?
We will deal with it in Chapter 7C.

APPENDIX

PROOF OF RESULT THAT NON-REAL ROOTS OF A POLYNOMIAL EQUATION
WITH REAL COEFFICIENTS OCCUR IN CONJUGATE PAIRS
Consider the equation

n n-1 n-2 7
a,z +a,,z7 +a,,z"" +..+az+a,=0,
+
where a,, a,,, a, ,,.., a, a,€R, a, 20, ne Z* .

Suppose S is a non-real root of the equation,

ie. ap"+a, B +a, B +..+aqf+a,=0.

Taking conjugates on both sides of the equation,
@, +a, B +a, ,f" +..+af+a)*=0*
(@, *+(a, B ") *+a, " )Y +..+ (@f)*+a,*=0*

Now (8*)*=(B*) and (a,)*=a, sinceq, €R.
Clearly 0*=0since 0cR.

Thus we have

a,(B*)" +a,,(B*)" +a,,(B*)" +..+q(f*)+a, =0,

i.e. B* is also a non-real root of the given equation.

Chapter 7A: Complex Numbers
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SUMMARY
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