Solutions to 2023 TJC Prelim Paper 1

Solution to Q1

(a) J-xtan"1 x dx

2 2
=tan ' x X —I ! 5 Sl dx
2 1+x°{ 2
2
—tan x| —ljl— ! — dx
2 2 1+x
2
=tan ' x X —l[x—tan_lx}rc
2 2

(b) J.sin 2xcos5x dx

=ljsin7x—sin3xdx

2

:li—lcos 7x+lcos3xJ+C
20 7 3

= —Lcos 7x+%cos3x+C




Solution to Q2

(a) 4x% — 24x + 9y* =0.
4()62 —6)c)+9y2 =0

4(x-3)" +9y* =36

(x—3)2 N y_z i
32
v A
(3,2)
19 (0,0) (6,0) #x
(3.-2)
(b)

The required sequence of transformations is

A: A translation of magnitude 3 unit in the negative direction of the x-axis.
B: A translation of magnitude 1 unit in the positive direction of the y-axis.

C: A scaling parallel to the y-axis by a scale factor of 1 .
a

OR

A: A translation of magnitude 3 unit in the negative direction of the x-axis.

B: A scaling parallel to the y-axis by a scale factor of 1 .
a

C: A translation of magnitude — unit in the positive direction of the y-axis.
a

2 (ay-1)
© T
x_2 (y—l/a)2_1

+—

R

For shape of a circle, « :§

=1




Solution to Q3
1

@ g(x)= J:Tx

=x(4—x)72

1

:4;x(1—£j2
4
1

S I N ey | _x
4 21 4
:l B — 2+ix3
2 16 256
Therefore a:l, b:L, :i
2 16 256
S(x)-g(x)

(b)  Percentage error = x100% < 4%

g(x)

‘(1x+1x2+ 3x3j— al
277167 256 Ja—x

X
=

Using GC, = 0<x<1.87 (corr. to 3 s.f)

<0.04




Solution to Q4

2
@.b) y= 3x” +8x 521(3“_1_ 8 ]
k(3—x) k 3—x
When x=0, y EE
3k

When y=0, -3x>+8x-5=(3x+5x-1)=0 = x=1 org

Equation of asymptotes: y = %(3x +1) and x=3

=<V

(c) l(3x+l—i)=§x—l
k 3—x k k
3x+1—i:3x—7

3—x
_ 8 -8
3—x

3—x=1=>x=2

Therefore, from the graph, x <2 or x>3




Solution to Q5

(a) First term of AP: a =500

Common difference of AP: d =10
Formulation of problem: %[2(500) +10(n—1)]>10000

Using GC (table of values to be shown), n =18
Date of 18th month: 1 June 2024

(b)

Formulation of problem:

Month n | Start of month End of month
1 X 1.005x
2 1.005x + x 1.005% x +1.005x

3 1.005°x+1.005x+x | 1.005°x+1.005*x+1.005x

At the end of Nth month, account has
1.005" x +1.005" " x +...+1.005x = x(1.005" +1.005"" +...+1.005)

. 1.005(1.005" —1)
1.005-1
= 201x(l.005N -1)
Thus we have N =60 at the end of 31 December 2027
201x(1.005* =1)> 50,000 = x>$713.0747 = Leastx=$714




Solution to Q6

(@

A= %(PQ)(PR) sin ZOPR

:i(x+l)(4—x)2

:%(x+1)(16—8x+x2)

:%(16x—8x2 +x° +16—-8x+x7)

= %(f —7x” +8x+16) (Shown)
Or let N be the foot of perpendicular from Q to PR.
ON = PQsin30° = %(x +1)
1
A= E(QN )(PR)
1 2
=—(x+D(4-x)
4
1 >
:Z(x+1)(16—8x+x )

zi(l6x—8x2+x3 +16—8x+x7)

= %(x3 —7x* +8x+16) (Shown)

(b) %:iexz —14x+8)

At stationary values, a =0
dx
= %(3x2 —14x+8)=0

2 . .
= x= 3 or x =4 (rejected since it is given that x < 4)

2
(;:24 » = %(6)6 —14) - =-2.5<0 (maximum)
To find OR:

When x:%, PQ:é and PR:@
3 3 9

Using cosine rule,

o (2 (e
3 9 3 9

OR ~9.70 (3 5.£)




3
100 53

RN =PR-PN=—-2"
9 6

OR - JON < RN - J(ij {@_i]z ~9.70

Or QN=%(§+IJ:%
ﬁ(s)zﬂ

PN =PQcos30° =—
Q 2 6

3
6 9 6




Solution to Q7
dx 1 dy 8
Q) —=-——, —=——_]
@) d ¢ dt 7
Y_dy &
dc dr de
8
(1)
_8.p

t
For stationary point,

d—y=0:>§+t2=0

dx t

= £=-8

= t=-2

Whent=—2,x=i2+2:%, y= 4 +2=3

Coordinates of 4 is (% , 3)

Equation of tangent is y =3

(b) When y=3, %—123

= 4-£ =3¢
= £+37-4=0
Using GC, t=1ort=-2 (Reject -t=-2 isptA)

[If GC is not allowed, note that t = -2 must be one of the solution since one of the intersection
point between the tangent and C is at 4

= (t+2)(£ +1-2)=0
= (t+2)2(t—1):0
= t=-2 or t=1 ]

..coordinates of B is (3, 3).

Gradient of normal at B = — I _ —l

5412 9

3

Equation of normal is y—3=—é(x—3),i.e. y:—lx 10




(c) The point F has coordinates (O, ?j

B(3.3)

Height of triangle = ?— 3= %

AB has length 3 —i = 3
2 2

Area of Triangle :l 3 :l unit?
2\3)\2) 4
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Solution to Q8

(@

Let z=x+yi
(x+yi+i) =2i(x+yi)+4
x—-i(y+)=2ix-2y+4

Comparing real and imaginary part
x=4-2y—-——(1)

—(y+1):2x———(2)

solving:
-y—-1=2(4-2y)
3y=9

y=3

Solving, x=-2,y=3

(b)(i)

|w|=,/(\/§)2+1:2

argw=—tan"' [L] =z

3 6

w=\/§—i=2e7?‘




11

(b)(ii)

OZQW is a rectangle.
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Solution to Q9
a
(a) Vs
0, 1)
R C
> X
y=0 —a QO a
(b) Area of R = 2]0" y dx
= 2J’Otani () cos’> @ (2sec2 9)d9
:J‘tanil(%)4 do x=2tan @
0
an”!(< Wh =a, = B g
:[49]; (2) enx=a, @=tan (2j
a Whenx=0, =0
-1
=4tan | —
5
4tan”! a :2—7[
2 3
tan”' (ﬁj =z
2 6
243

(c) x=2tand , y=cos’ 6

2
tan’ @ = (ij
2

tan’ @ +1=sec’ @
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When x =2 y=%

x° =4[l—1j
y

Volume = Volume of cylinder + ﬂJ.ll x* dy
2

) i)

=27r+472’[1n|y|—y1

=2r+4r —l—ln(lj+l
2) 2

=27z+47{—%+1n2}

=47 In 2 units’
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Solution to Q10

@ Y8 kv k>0
dt

jg lkvdv=j1dt

—11n|8—kv|=z+c
k

—%1n(8—kv)=t+c

In|8 — kv| = —kt — ke

8—kv=Ae™ where A=+e™™

v 2%(8—Aek’)

When =0, v=0
ozl(S—AeO): A=8
k
When ¢ =10, v=5
1
5=—(8—8e"
pa )
Using GC, k=1.6

RIRY :%(8_86—1.&) _ S(I_e—l.Gt)

(b) In the long run, as ¢t — o0,e " — 0, v — 5 gallons

dv )
c) —=8-
(c) % v

(d) Let 7 h be the time that elapsed.

ﬂ:8—\/2 = ’ lzd\/:rldt
dt 458 —vy 0
= 0.36195=T

Time that elapsed =0.36195x60 =22 min (correct to nearest minutes)
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Solution to Q11
3 0 3
(a) AB=|0|-|0|=| 0
1 2 -1
-1\( 3
01 0
n-ﬁ| 4 |\ =1
cosd, = =

|

48| | [c1y +42 3+ (-1)

7
g =—»t —
TV IT) J3 ﬁhqo)"- 32
— sing = 2L _< @, =Jiq]
170 I

_sing, W1 [121

k=" = =
sing, 85
(b)
-1\ (¢t
0O
4 )\ -1

N E T

1 -4
V2 1748 +1
1 | +4]
PN TN

1 t+4

as t>0

NN

Squaring both sides, we have
1 (t+4)
2 17(F +1)
= 17 +17 =2 +16¢+32
= 15 -16t-15=0




16

= (3r-5)(5t+3)=0

= z‘=§ or —%(rejected)
3 3
Equation of the line BCis r=|0|+4| 0 |, AR
1 -1
Method 2
—1\( ¢t
09 O
r 4 ) -1 |14
cos— =

JELY +42 2 (1) INETES

Using GC
HORMAL FLOAT AUTO REAL RADIAN HP [
CALC INTERSECT

Yazabs(=H=-41/J(17(K2+1))

Intersection

H=1.6666667 Y=0.7071068
Sincet>0 = t=§
N (3
Equation of the line BCis r=|0 |+4| 0 |, AeR
1 -1
-1 1) (-1
(c) Equation of the bottom surface is ref 0 [=| 0 | O
4 0/ 4
-1
re.re 0 |=-1
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(d)

h = Distance of E from top surface =

Method 2
-1 1| 2

|
h= _
W1+4 Ji+42| 17

(e) Since C lies on the line BC,
3+34

Since C is the intersection between line BC and bottom surface,
3+34) (-1
0 |4 0 |=-1
1-1

LY
3

= ﬂzi
17

Therefore,

61
17

oC =

(e

~

Equation of line CD is r = oC + yTB, uelR

o 3
17
i.e.r—{O +ul 0], uelR
- -1

—_

1

~




T+3u
Since point D is on the line CD — OD = 0
7
At D, z =0,
11 11
=0 =
17 4 ST
— i 11 ) v
OD=|0|+—| 0 |=|0
al 17
= -1
Method 2

Since C lies on the line BC,
3+324
=0C=| 0
1-1

Since C is the intersection between line BC and bottom surface,
3+34) (-1

L
3

= ﬂzi
17

Therefore,

61
17

oC =

(e

1

Equation of line CD is r = oC + yTB, uelR

~

8 3
17
te.r=|0|+ul 0|, ueR --(1)
i -1
17
0
At D, line CD intersects with plane given by re 0 |=0--- (2)
1

Therefore sub (1) into (2):
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4 3 0
O|+ul 0 []0|=0
4 -1 1
U, .1
17 17
e 7 11 > v
OD=|0|+—| 0 |=]|0
n 17 1 0
17
Method 3
Since C lies on the line BC,
3+324
— OC = 0
1-1

Since C is the intersection between line BC and bottom surface,
3432 (-1
0 of 0 (=-1
1-1
1- 7 A=-1
3

= ﬂzi
17

Therefore,
61

R
oCc=|0

11

1

X
Let OD=| 0 | since Dis a point on the floor
0

Since CD parallel to AB,

OD-0C =k AB
X 4 3
0|-10(=k| O
0 4 -1

By comparing components,
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x—%=3k --(1)
11

—=—k ———(2
= (2)

Solving (1) and (2):
1%




