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Chapter 7B: Complex Numbers IT — Complex Numbers in Polar Farm

SYLLABUS INCLUDES

H2 Mathematics:

e representation of zgl‘rg%]ex L;%Jers in the Argand diagram :

e calculation of mo (r i and argument (€ ) of a complex number

s complex numbers expressed in the form r(cosB + isind ) or re” re'® , where r >0and
- < 0 < . +

e calculation of modulus (r ) and argument (6 ) ¢fa complex number
e multiplication and division of two complex nymbers expressed in polar form g

PRE-REQUISITES Codo
e Trigonometry, . 7
e Coordinate Geometry,
e Vectors,
e Indices and algebraic manipulation
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Geometrical Representation of 2 Complex Number

that we fepresent real numbers on a number line,

. 5 1 1 i a
_ Omplex numbers, since there are imaginary numbers, it makes sense for us to have
Imaginary number Jipne as well.

1.1 Argand Diagram

A complex number = =Xx+iy,
formally mtroduced by th
which represents 3 compl

% yeR can be represented by the point P(x,y). This idea was

€ French mathematician Jean-Robert Argand, and hence the diagram
©X number in this way was named after him.

An Argand diagram is similar to the Cartesian plane with the

Horizontal axis (labeled as Re) representing the real part of z

, and
° Vertical axis (1

abeled as Im) representing the imaginary part of z .
Ima

y P(x,y)

0

Remarks:

Points on the horizontal axis re

present real numbers and points on the vertical axis represent
purely imaginary numbers.

On an Argand diagram, complex numbers behave (in terms of additions and subtractions) like 2-D

vectors, but they are NOT vectors. In particular, we can divide complex numbers, but we cannot
do the same to vectors.

Chapter 7B: Complex Numbers II
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1.2 Geometrical Representation of Addition and Subtraction of Complex Numbers

Consider the complex numbers

z,=-1+i and z, =2+1i.
Then z, +2z, =1+2i
and z, -z,=-3.

Let the points 4, B, C and D
represent .2, 2,5 2, B0d X —E,
respectively on an Argand diagram.

Note that OACB 1is a parallelogram.

Im
~ 3-._
N
A(-1,1)
- %2021
D(=3,0)
@ } { } f }
3 2 -1 0 1 2 3 Re
et

As mentioned, the complex numbers behave like vectors on an Argand diagram.
(Recall how we proved OACB is a parallelogram using vectors.)

Example 1

The points 4, B, C and D represent four complex numbers z,, z, =3, z; =2+2iand z, = —2+3i
respectively. Given that ABCD forms a parallelogram, find z by calculation (i.e. not by

drawing).

Solution

Recall that if this is a vector
question:

Chapter 7B: Complex Numbers IT
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L3 Modulus and Argument of a Complex Number

Let
We are interested in 2 geometrical measurements:

° r = distance of P from the origin O

. 0 = directed angle that OP makes with the positive real axis
(6> 0 when measured in
0 <0 when me

an anti-clockwise sense;
asured in a clockwise sense)

] . d diagram.
the point P represent the complex number z = x +iy, x, y€ R onan Argan 5

L
r is known as the modulus of z and is
Tm, denoted by |z|, where
|z|:r'=«/x2+y:2 .
Clearly r>0.
Tl T P S
r j
) ' 0 is known as the (principal) argument of z
i —»Re | and is denoted by arg(z), where
0 * -m<arg(z)<rx.
arg(z) should be given in radians.
Questions
1. Whatis arg(z) if z isreal? O , 1890

2 What is arg(z) if z is purely imaginary? 9©: &70

3. What is ]z! and arg(z) if z=0? o ©

Answers

O, for Rez>0,
1. If z is real, arg(z) =

M, for Rez<0.

:5- , for Im(z) > 0,

3
o)

any yalye 7

x If z is purely imaginary, arg(z) =

, for Im(z) < 0.

3. If 2=0, |z| =0 but arg(z)

Chapter 7B: Complex Numbers I
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Example 2

For each of the following complex number, find the exact value of the modulus and argument:

(i) 1+iV3 i) 1-iv3 (i) -1+iv3 (iv) -1-iV3 V) i

Solution
(i) Im '1—{—1\/5 — ,‘ + =
| \'[.:5 —_9
; }ga’ tang = == = arg(l+iV3)=a =
| 5‘1 ‘ Re
(i1)
|1—i\/§‘=\/1+3=2
tana=x/§ = cx=§
arg(1-i3) =
(iii)
|1+iv3|=V1+3 =2
tana=«/§ = a=§
arg(—l+iJ§)=
(iv)
[~1-iv3]=T+3 =2
tana=«/§ = azg
arg(-1-iv/3) =
\)
n E
L . arg(i) =
O €

Chapter 7B: Complex Numbers 11
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g B i iy, X, Y€ R
Consider a point P on 3 Argand diagram representing the complex number, z

with |z| =7 and arg(z) =g,

-T<@<r.

]mT

1
X
It can be casily seen from the diagram that x

=rcosd and y =rsin@ .
So zZ=x+iy

=7rcosf+i(rsing)

r(cos @ +isin @)

Il

Furthermore, it can be proven that

L:os 0 +isin@ =¢ (Euler's Formu]a)—l

(Refer to Appendix for further details.)

So any complex number can be written as

z=x+iy (cartesian form)
=r(cos@+isin8)
=re'

where |z|=r and Ig(?)=67;1r<9$ﬁ;!

} (polar form)

Recall that cos(6+2k7)=cos(8) and sin(6+ 2kr)=sin(8),keZ" .

Thus, there is a need to have -z < arg(z) <7 for A level syllabus.

Chapter 7B: Complex Numbers II
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Example 3
(a) Express 2elg in the form a+ib, a, beR.
(b) If lz‘ =4 and arg(z) =2Tﬁ, express z in cartesian form. *

(¢) Ifz=2+2iandz, = J3 -1, express z,and z, in polar form.

i Saiution 4 {%‘l}
@ 266 - 2(cos( % )+isin( £ )) W Z=l, T ) 5
& & A = 4’ (COS( 'BL )+1sm( aéﬁ ))

(c) |z||= 45e=0p , arg(z)= "Ori'(;,)

= , arg(z,)=

zZ, = and z, =

2.1  Multiplication and Division of Complex Numbers in Polar Form

It is straight forward to add or subtract complex numbers in cartesian form.
However, when it comes to multiplication and division, it is much easier to use the polar form.

Let z, =re'* and z, = r,e® , where 1, ,>0and —7 <6, 8, <z. For real numbers x and y we

know that e*e” =e™*”, but this property also holds for complex numbers, so that we have

i6) i(8,+8;)

2z, =1 x ne =rne (see Appendix for the proof)
i6
A _h®  _1iE-e)

6,
£y G h

2] =3 XZ Kous Ty SHED RBED B RIE V=, Raa NG Bt e
; L= , =
ndl v \_v_l ™
r times n times n times n times

Chapter 7B: Complex Numbers II
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Hence

Note that it is tedious to derive the above resu]

N AR Y )
arg(zz,) = arg(z,) +arg(z,) = 6, +6,, provided ~z <0, +6, <7

EA

(2)

Z: izzl

arg(i] =arg(z)) -arg(z,) = 6,~6,, provided -7 <6 -6, <7

(3) ForneZ*, |2

n

=1z

arg(2,") = narg(z,) = n,, provided -7 < nb, <m
L———-—.___—_‘—"\

Example 4

(a)

If 2 =2+2iand Z, = V3-i » €Xpress z,z, and A in polar form.

ts if we use cartesian form of the complex numbers.

W(f’- (U‘j(’}f (Z)
- el

(b) If z=—J3+i, find the modulus and argument of z2. [Z 3 0[9 z}
() Given that |iz| =3 andarg(iz)zg.,express z in cartesian form. i 307!
15 1{.,, J HSrn-,f)
Solution }
E = 3(5 ﬂ(‘ 5/
(a)  From Example 3(c), Z. =2\2¢'* and g =2 ®
P -z T
zlz;,=[2xf2_e4J[2e 6]= 401 ¢
iz « 20
Z _2\/534 e ﬁ e‘ 2
Z ze_iE
(b) |z] V3+1=2, arg(Z)“—
|— [ l , arg(z )=2Q®Cz) 5'12TF
STy -
) 3( *5): -ar 2
5T, '.l.' l". _Ee
no+ N e i ’3_._27"
ror
- Tr?%'ﬁ = "
OR
By % G s
(1eTJ = 4e =4 =4¢
LN
f |22|= 4 and arg(z)= - 3
B I LI DAA
,jﬁ’ 0YE)= ¢ RN
=X =3 7B: Complex Numbers II
’;{8 ;22) }i?;]i(i,/ IR e Page 8 of 18
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==
(C) |12|=|i||2|31)<|2|=3 = IZ|= OR I].Z| 3 arg(12)=
arg(iz) == = org (i)t arg (2) =% =S iz= HalF -
4 . Iq- : :g-__'.ﬂ.
= J—T- = }I}“: '( 2.) -4
7+ 0g(2) = 2= 'ng s Q,:E =3e =3e
22 09 = -’5,& ' BIE
273 <3 cos L F)+1sine5) | 2 z3g
R ROWEIES
. e
- 3638
Bopes ei[i}z {cos [—)+isin(—]:'

Example 5 [HCJC 9233 Prelim/2003/02/Q4] [Self-Read]

3
3 L | R
The complex number z is given by z= \fg(zgi)’ , where a>0. liizfl;é ﬁ(lﬁf ekl
Given that |z] = %, find the value of a and show that arg(z) =%£.
Solution
ooy | o] pef (a2
V2@+?| N2(@+ip] N2lla+if  V2(la 4y @+l
) 22 - = a*=3 = a=+/3 (since a>0)
a+l 2
@ O
(1+i)=+2e‘*/ and (V3+i)=2e'6/ | T
(3x PP e
ae =225 na (5 = arg(f3+) =%
iy 2fe[ ¥) arg(z)=arg[ 1+i)?
T RBY o () V2(/3+iy
g
T = 3arg(1-+i) - arg(v2) + 2arg(3 +i) |
=le‘[7—s] :le'(l—z]
2 2 = 3(£J—[0+2[£]]=5—ﬁ (shown)
Sz, 4 6 12
arg(z) =E (shown)

Chapter 7B: Complex Numbers 11
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2.2 Relationships between arg(z) and arg(z*), |:| and |z*]

Let thf? points P and P* represent the complex numbers z=x+iy andz*= x-iy, x,yeR
respectively on an Argand diagram.

Iﬂl Observe that P and P* are reflections of each
other about the real axis.
P . .
D From the diagram, it is clear that
r )
0 : |z*| = |z[ and arg(z*) =—arg(z) -
) W) -8 x>
r ; ke Also,
Ed P zz*=x’ +y2 =|z|2.

In polar form,

ifz=re", then z*= re?.

Example 6
A complex number z is such that |z*=+/2 and arg(z*) = - 013@ =
4

Find the modulus and argument of the complex number z*.

Solution

|z|=\z*l -_-\]'T ,arg(z)="C’).Y9(2*) Fo= 3 ~ 2:$ﬁe
ey | -3 16 -
2= (@ e %) =2¢ " 28D - 9,i%

=5 lzzlz o ~  and arg(z*) = lg_

Miotromesy, [2] 2|22 (Ey =2, od RIS
It 12| (2]
o (Z-I)': %019 (2) t2T= Q(__%_r(_ )*le

-—

T el B )
- 22

pu . 8
- 1

3]

=, | (oxsff.fs\ < T‘

Chapter 7B: Complex Numbers I
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2.3

Complex Numbers in Cartesian Form vs Polar Form

In section 5.1, it seems that multiplication and division of complex using polar form is less
tedious. However, when we perform additions and subtractions, it is more direct to use Cartesian
form. In essence, we have to be flexible when dealing with problems involving complex numbers.

L z=x+iy z=re' =r(cosf+isinb)

(ﬁ} 74 ,’xz - }12 r

by | z* -y re™?

@ |Erer . [(x+iy)*]* [(re'®)*]*
=(x-iy)* =(re ?)*
=x+1iy — reif

(d) z* ' +y2 e

(e) +z¥=2Re(z) | (x+iy)+(x-iy) r(cos@ +isin 9)+r(cos(-—9)+isin (—9))
=2x =2rcosf

® z-z*=2ilm(z) | (x+D)-(x-1y) r(cos@+isin@)—r(cos(-0)+isin(-8))
=2y =i(2rsin@)

Q: Given that z=——

o09(z)= 090 Y|

, how do we express z in cartesian form?

1»

0]

Method 1: mu/ﬁﬁ-py (ﬂgﬂlm

lrele " Tredo
e g

" Fetgioy

Ht“e =

[4Cosg- | SInG
;9 +3 Cosy
l+ s O L)

=P o) s

—
—

i9
Method 2 ‘S’ﬂff fIIDW’ijf

l—Ie'a €.f+e
E
=¥ (e re
e i
o
\
k

Chapter 7B: Complex Numbers I1
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Example 7
2

If » is a positive integer, prove that (—1+i3)" +(~1-iy/3)" =2™ cos( ’;HJ

Solution

l—1+i\/§‘=2, arg(—l+i\/§)=%£ = -1+i\/§:2ei%

- (&)
3

Now (~1+i\/§)” +(._1._i\/§)n

Since ~1-iV3 and ~1+iV3 3"0@%)!85\1;3_3 of each other, —1-iy/3 2 e(

= )'( )Jrl“r(y

-
=de te °

¢ 20N _anT
= a”(e'%“+ 5 )

= P (s 5" +isin 2L
+co8 M tisin( —j))

2" (20s4T)
= 2m~1 COS'Z%&)

Chapter 7B: Complex Numbers I
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3 Geometrical Effect of Multiplying Two Complex Numbers
3.1 Geometrical Effect of Multiplying a Complex Number by i

Consider the complex number z=2+3i.
Draw the points P, O, R and S representing z, iz, i’z and i’z respectively on the same Argand

diagram. z
201 "'(]4 3!')
Im 3 ) 5
T //9 P(2) | 2=-2] T2
0(iz) Fi
[+ 2—_ // ; (J{_si)
14+ /,f = : { (gi’ = )
//' : —v3i - 2
T | - — ‘(3 R s
B8 4 @ f & & %
-1+
21 [ ]
S(@i’z)
® - 31
R(@i’z)

Now iz=-3+2i, i’z=-2-3i, ’z=3-2i

Notice that if P is rotated % radians anti-clockwise about O, we obtain Q.
If Q is rotated % radians anti-clockwise about O, we obtain R.

If R is rotated —275 radians anti-clockwise about O, we obtain S.

Why is this so? In general, if z =re® and we multiply it by i, we have

iz = [e%](re“’ )= r;("*—’é]

Thus, the geometrical effect of multiplying a complex number z by i is an anti-clockwise

rotation of P through an angle of _’25 radians about O. Note that the modulus is still the same.

Chapter 7B: Complex Numbers 11
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Example 8

In an Argand diagram, the points A, Band C represent the complex numbers @, 6+8iand ¢

respectively. OABC is a square described in an anti-clockwise sense, where O is the origin. Give
a reason why c=ia and a reason why a+c=6+8i. Find aand ¢ by calculation (i.e. not by

geometry).

[, .
Solution

. T :
When 4 is rotated Eradlans anti-clockwise about O, we get C.

Hence ¢= ,q ..... (1)
OC is parallel and equal in length to AB, thus
. Im
c-0= 6438/-4 A (6,8)
Thus, Qcw=rGth @ ¢
Subst (1) into (2), g
0 Re
Subst into (1), ¢ =
3.2 Geometrical Effect of Multiplying a Complex Number by re'
Im 4
Let P and Q represent the complex numbers z, and z,z, 0
respectively, where z, =2¢* and z, =re”.
Now z,z, = (2ei“’)(rei6) =29
4 P
&
¢ ,
o Re

Thus, Q is obtained by scaling a factor 7 of the length OP, followed by an anti-clockwise rotation

through an angle of & radians about O.

Chapter 7B: Complex Numbers II
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Example 9

P and Q are 2 points on an Argand diagram such that OQ =20P and £00P =§ as shown in

the diagram below. If P represents the complex number 2+i, find the complex number
represented by Q in the form a+ib, where the exact real values of @ and b are to be found.

Ima ‘ “(I = DfZ}
/e et 222, ) o @& =28
- \ wg(k)- Z - arg(z) /
: Lot £ - tor3) 02

= | a "o h -9 Ci 0584 '
= Q5 (€28 (058 4 um(- 0.58’r))

(1 (a,b) =333%-adti/

Solution

If 0Q=20P and LQOP = %, we can obtain Q by a scaling of factor 2 of the length OP,

followed by a (W (S€ rofechon g, A g :g‘:m(ﬂ abﬁwf O

Soragla Pboril - v =5 - g e T
P R
L\ ) \}mg: = QJ’E‘
o arabt = 20 — ()
tonog®= 2
Hence g grﬂ(@: 0.4, 3 [s

q: tzm(le"%) oa(®)= (T - 0.46365) = _ 0. 53354
" j -
. Cosﬂ.:\?:ln%) s YN SR ASY - e Friri Rt te
qj’X i J" Ug.‘(\% C,C} ‘O:"L-O%B Y 61:3.‘9%_,7
o k- qe386-20

. Lk 2051
YT - B BES
1 I A =24
4+ (1-283)) 53
1,5+ (1) / R Gt e

Chapter 7B: Complex Numbers 11
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CONCLUSION n evaluate the
Basically, we’ve added another dimension to the real number system so that . |Cﬂ n an Argand
Square root of negative numbers. Complex numbers are represented geometrical ly C.) umbers are
diagram. In the Argand diagram, complex numbers behave like vectors, but complex n

i - i / omplex
different from vectors, because vectors cannot be divided or raised to a power, but comp
numbers can.

Complex numbers have essential concrete applications in a variety of sciences and related areas

such as signal processine (creation of fractals), control theory, electromagnetism, guantum
mechanics, cartography, vibration anal 'sis, fluid dynamics, and many others.

If you are interested in the history of imaginary number i, you may want to refer to the book “An

Imaginary Tale, the Story of V=1 ", by Paul J.Nahin, Princeton University Press.
APPENDIX

Euler’s Formula

cos@+isin@ =e'?

Proof:

From the series expansions of €’ cos@ and sing (which has been covered in Chapter 6C and
can be found in MF 26), we have

K 2 - 3 - 4 5 5
e =1+ig+ 89, () w40) G0y +..
20 31 41 s
2 3 4 5
=1+i9—8——i9—+§——+i9—+...
20 31 4 5

(using the result that if ke Z*, i* =1, %" =j #2=_1 %= i)

1

b

=cosf+isinf

14 i6, _

i(6,+65)
Proof of result re' x r,e™ =nre™ ™.

Proof:

' = - 6, <.
Let z, =re'® andz, =r,e', where 5, ,>0and -7 <6, 6,

Then

Chapter 7B: Complex Numbers II
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re' x re'® = 1ry(cos @, +isin 6, )(cos @, +isind,)
=1y (cos 6, cosf, —sin ), sin &, +i(sin 6, cos &, +sin 8, cos b))
= 1,1, (cos(6, +6,) +isin(6, +6,))

= rpel@®)

8 9, _ i(8,46:)
Therefore z,z, =re™ x re™ =nne™

2018 Year 5

Chapter 7B: Complex Numbers II
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