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Answer all questions[100 marks].

_ X2
1 Find jm ax. [3]

2 The complex numbers z and w satisfy the equations
2w*+2z=15 and 2w+3z=11.

Find the complex numbers z and w. [6]

3 Without the use of a graphing calculator, find the range of values of x for which

1—82 X2 +4X+9.
2—X [3]

—>e” +4e" +9. [3]

Hence find the exact range of values of x for which >
—e

2

4 (i) Thecurvewithequation y? —x?=1 undergoes atwo-step transformations to

: oy (x=1)?
become curve C with equation T =1.

2
State the two transformations involved for the curve y?_ X2 =1. [2]
(i) Draw a sketch of the curve C, labelling clearly the equation(s) of its
asymptote(s), intersection with the axes and the coordinates of any turning
points. [3]
(iii) Show that the point (—1,—3)lies on the line y = mx+ m—-3for al rea

values of m. [1]

(iv) Henceusing the diagram drawn in (ii), find the range of values of k such that

k+k-3)°  (x-1)°
the equation ( 3 ) —(X4 ) =1 has 2 negative real roots. [2]




(i) Find Iln(x+1) dx for x > —1. Show your working clearly.

(i) Thecurve C isdefined by the parametric equations
x=2t-2In(t+1)+2, y=-2t-2In(t+1)+1 where t > 1.

Another curve L is defined by the equation x=2(y+1)° —6. The graphs of

C and L intersect at the point A(2,1) as shown in the diagram below.

Find the area of the shaded region bounded by C, L and the line

3
y=-1-In4, express your answer in the form 6—32+ 4A-2A° - 16A ,

where A is an exact rea constant.

(@ (i) Thetwelfth, eighth and fifth terms of an arithmetic progression are three
consecutive terms of a converging geometric progression of positive
terms with common ratio r. Find the value of r.

(if) For this part, take the value of r to be% . If the difference between the

sum of the first n terms of the geometric progression and its sum to
infinity islessthan 0.3% of the sum to infinity, find the least value of n.
(b) A convergent geometric sequence of positive terms, G has a non-zero first
term a and common ratior.
(i) Thesum of thefirst n odd-numbered terms of G is equal to the sum of

all terms after the (2n—1) " term of G. Show that 2r*" +r?"*-1=0.

(if) In another sequence H, each term is the reciprocal of the corresponding
term of G. If the nth term of G and H is denoted by u, and v,

\Y

n

respectively, show that a new sequence whose nth term is In[ij , IS

an arithmetic progression.

[2]

[6]

[3]

[3]

[2]

[2]
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7 (&) Thefunctionf isdefined by
f:xa x2—2x—8, Xeij, x>k

(i) Statetheleast valueof ksuchthat f ' existsandfind f *inasimilar form. [3]
(if) Using the value of k found in (i), state the set of values of x such that

1 (%) = 1(x) . [1]
(b) Thefunctions g and h are defined by
g:xa Vx+41l+a, x=-41, aej,

h:xa x2+10x—16, Xeij, X<-7.
(i) Find the exact value of x for whichh™(x) = h(x). [3]
(i) Explain clearly why the composite function gh exists. [1]
(iii) Find ghintheform bx + ¢, wherebisareal constant and cisinterms
of a. Explain your answers clearly. [2]
(iv) State the exact range of ghintermsof a. [1]

2
8 A sequence Uy,U,U,... issuch that urzll and Ur=Ur_2+r+1|_r |
r: r!

whenn=>2.

i nrf-r-1 n+1

() Show that ), ~—1— =27 3

n+5 2_
(i) Hencefind > > *1in terms of . 3

= (r-1)!

Limit Comparison test states that for two series of the form »_a, and D_b, with

r=k r=k

a b >0for al n, if liM2>0, then both D a and ) b converges or both
r=k

n—e =
diverges.

r’—r-1
r!

(iii) Given that i IS convergent, using the test, explain why
r=2

[2]

i =2 s convergent.
r=2 (r _l)'

(iv) Show that e—2<i+£+§+i+...<2. [3]
21 3 41 5l



10

The position vectors of points A, B, C with respect to the origin O are given by
a,b and crespectively. The non-zero vectors a, b and ¢ satisfy the equation

a+b+c=0.

(i) By considering the plane OAB or otherwise, explain clearly why O, A, B and
C lies on the same plane.
Show that axb=bxc=cxa.

(if) Show that the area of triangle ABC is given by k|axb| wherek is a constant

to be determined.

(iii) If b isaunit vector and aisperpendicular tob, find the length of projection

- — -
of AC ontoOB. Given that the magnitude of AC is 2 units, deduce the

- -
angle between AC and OA.

The diagram below shows a rectangular container of variable height h cm,
inscribed in aright circular cone with fixed height b cm and a radius of 20 cm.
The four corners of the rectangular container’s upper surface ABCD is alwaysin
contact with the conical surface. The point O is at the centre of the rectangle

ABCD. The rectangular container is made with material of negligible thickness.

bcm

h cm

v

20cm

(i) Ifthefixed angleBOC s &, show that the storage volume of the rectangular
container in the shape of a cuboid is given by V =800b* (b - h)2 hsing.

(i) Find the value of h such that the rectangular container has a maximum
storage volume, leaving your answer in terms of b.

[4]

[3]

[5]

[3]

[3]
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The rectangular container is opened at its upper surface ABCD and completely
filled with atype of liquid perfume. A fragrance chemist placed the container in
a room and allowed the liquid perfume to evaporate. It is known that the heat
energy of the liquid perfume in the container, E joules, is related to the height of
the container by the equation

1
E=h-3h 2.
(iii) Given that the perfume evaporates at a rate of 0.08 cm?® every hour and that

the value of @ is % calculate the rate of change of heat energy of the

perfume when the height of the rectangular container is % cm, leaving your

52
answer in the form p+q (Bj , Where p and g are exact constants to be

determined.

A charged particle is placed in a varying magnetic field. A researcher decides to
fit a mathematical model for the path of the fast-moving charged particle under
the influence of the magnetic field. The particle was observed for the first 1.5
seconds. The displacement of the particle measured with respect to the origin in
the horizontal and vertical directions, at timet seconds, isdenoted by the variables
x and y respectively. It is given that whent =0, x= —3—12, y=0and % =3.The

variables are related by the differential equations
dy . sr o d*x
(cost)a+ ysint =4cos’t - y* and o cos3t cost .

(i) Using the substitution y = vcost, show that % = 4-v* and hence find y

interms of t.
(i) Show that x= —icos4t—10052t+3t+1 :
32 8 8

(iii) Sketch the path travelled by the particle for the first 1.5 seconds, labelling
the coordinates of the end points of the path. The evaluation of the
y-intercept is not needed.

THE END
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