2021 Further Mathematics Paper 2 (9649/2)

Section A: Pure Mathematics [50 marks]

e
1 (a) By considering f %dx use Simpson’s rule for two strips to show that e is approximately a root of
|

¥ +3x2—15x—1=0.

(b) Hence find an approximation to e, giving your answer to 4 decimal places.

(3]
(1]

(a) Let f(x) =%

Using Simpson’s rule,

f% dx ~ eT‘l{f (1)+4f (%1)” (1)}

[
e—1{e(e+1)+8e+(e+1)}
6 e(e+1)

6e(e+1)~ (e’ —e)+8e’ —8e+ (e’ -1)

e’ +3e*—15e-1~0
Hence e is approximately a root of x®+3x*>—15x—1=0. (shown)

(b) x®+3x*-15x-1=0
Using GC, x=-0.06582, x =—-5.6319, x = 2.6977
Sincee >0, e~ 2.6977 (to 4 d.p)




2 Sis the set of complex numbers z for which |z—6—7i| < 5 and arg(z) < %n.
(a) On asingle Argand diagram, shade the region corresponding to S. [3]

(b) The complex number z, is the element of § which has the smallest argument. Determine the

modulus and argument of z,, giving the argument to 3 significant figures. [5]
[Solution]
() 2-6-7i|=5
: ffo(2) = =
Note that the centre of circle lies
above the half-line. 10

Let Q represents z,
In the right-angle triangle, OCQ, where C is
the centre of the circle

|2,| =0Q =/OC? —5% = /6% + 72 — 25 = /60
= 2415
5

INnAOCQ, tan Z/COQ = —

215
= ZC0Q =0.5732033
Also tan™({) = 0.862170

Thus arg z, =0.862170 — 0.5732033 ~ 0.289 (correct to 3sf)

Use above geometric method is faster!




3 A curve is given parametrically by x = tcost—sint, y =tsinf+coss for 0 << %T[. When the curve
is rotated through 27 radians about the x-axis, a surface of revolution is formed with area A.

Determine the exact value of 4. [10]

X =tcost —sint :3—f=cost—tsint—cost =—tsint

. d . .
y =tsint+cost :d—)t/:smtﬂcost—smt =tcost

(dsz (dyjz \/2 -2 2 2
— | 4+ — =+/t°SIN“t+t°cos’t
dt dt

—Jt =t (since OStﬁgﬂ)

A= Zﬁj%ﬂ (tsint+cost)t dt
_ZnJ'%” tzsint+tcost)dt

{[tz( cost i +j 2tcost dt+[ t(sint) ] J' smtdt}

{if{ +[2tsint] [ 23|ntdt+{3f[%ﬂ+[cost]g”}
a

92z’ 3\/_” [2cost]§”+3\/8_7Z (_i_l}}

32 2

RN

i 32
o2r? 9\/§7r 32
=2r + - -3
32 8 2
= Egﬁ” 9\/_7[—3\/_ GJunlts
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(a) Define the rank of a matrix and, showing all necessary working, use row operations to determine
the rank of A. [6]

(b) E-xplain why the four row vectors of A do not form a basis for the space of four-dimensional row
vectors. [1]

(¢) Express the row vector (5 3 0 9) as a linear combination of the first three row vectors of A.

[4]

[Solution]
(@) Rank of a matrix is the dimension of the column space represented by the matrix.

Wrong: number of non-zero rows in reduced form of the matrix; dimension of the matrix

131 2 1 3 1 2 131 2
2 51 5 0 -1 -1 1 011 -1
127 -0 "lo -1 6 -12 0 0 7 -13
530 9 0 -12 -5 -1 00 7 -13

131 2

011 -1

00 7 -13

000 O

There are 3 pivot elements (or 3 non-zero row in the REF form of M), so the rank of A is 3

(b) The four row vectors of A are not linearly independent as indicated by an empty row of
the REF form of A.

5 1 2
3 3 5

(c) Let 0 =C 1 +cC, 1 +C, .
9 2 5 -10

Solving the equations: c1=-18,c2=11landcs3=1




5 A conic section S has a focus at the origin O, directrix x =—1 and eccentricity e. i

(a) On separate diagrams, sketch S in each of the cases

L] e - E’
. e=1,
v e=12.
[llustrate on each diagram the geometrical significance of the value of e. [5]

(b) Itis now given that e = 2,

(i) Determine, in the form Ax? -i—By2 +Cx+Dy+E =0 (where 4, B, C, D and F are integers),
the cartesian equation of S. (2]

(ii) Write down the cartesian coordinates of ', the second focus of S. [1]
(iii) Let 7 be a tangent to §. Using the reflective properties of conic sections, or otherwise, prove

that the product of the distances from (O to T and from O’ to T is constant and determine its
value. [7]

Eccentricity, e, is the ratio between the distance of a
point, P, on the conic and a focus, F, to the distance
between the point and a directrix d

That is e:E:E. a B
Pd PQ
e=1,Sisaparabola /

e =%, Sisan ellipse

o

e=2,Sisahyperbola | JF
/

o <

/1IN

\

(b) () e =2 and F(0, 0) and x = -1




2 2

Let P(x, y) any point on the hyperbola. ﬁ -
= X2+y2:4(x+1)2
:>X2+y2:4X2+8X+4:>3X2—y2+8x+4:0

2

4)2 2
(if) Equation of conic Sis (x+4)° _y? _4 = (X(;L)i) _yT =1 (hyperbola)
3 3
x2 yz 4
Consider W——Zzl or 3x?—y%= 3
> (3

Usingc=ae = c=2%(2)=%

So the other focus point for conic S is (—%,0)

(iii) Method 1
. . 2 2 4
Sis a hyperbolawith a=—,b=—,c=—= ande=2 .
3" 3
Let P be a point on the hyperbola and line PQ be the tangent to S at P.
4

WLOG, let OP > O’P =X, such that OP — O’P=2a = 3

By the reflective property of hyperbolae, ZOPQ = 2Z0'PQ. Denote this angle by 4.
LetO’'P=x,OP = x+% and let the distances from O to T and O’ to T be d1 and d2

respectively.

Then did, = (OP sin &)(O P sin 6) = (x)(x+%jsin2 0
= (xﬂﬂxj(ﬂj = 1(x2+ﬂxj—i(x2+ﬂxjc0329 - (*)
3 2 2 3 2 3

Consider triangle OPO’: OO’ = 2ae =

w |

8 4\ 4
Using the cosine rule, (5) =x2+(x+§j —2(x2+§xjcosze
= 2x2+§x+E—2(x2+ﬂxj00526
3 9 3
2
Hence [ﬁ) —E:2(x2+ﬂxj—2(x2+ﬂxjc0326
3 9 3 3

1( , 4 1( ., 4 1(64 16) 4
=S| X +=X|[-=| X"+=X|C0sS20=—| ——— |=—
2 3 2 3 489 9) 3

N 4
Substituting into (*), we have did2 = 3’ a constant value.




Method 2 [Coordinate geometry — straight forward but more tedious]
Consider the equation of tangent to the hyperbola

3 —y?= % (before S is translated) so its foci are

(J_rg,O) and a point P(xo, Yo) on the hyperbola

6x—2yﬂ:0 = g:3—)(
dx dx vy

Equation of tangent to the hyperbola at P is:
3X,
y_yo :_O(X_Xo) = yo(y_ yo) :3X0(X_Xo)

0

Wy~ 3pK+ B~y =0 e ()

Graph of S.

required pro
is not affectg
translation

Distance between O(%,O) to the tangent line (*) is :

OM (refer to the diagram) =
0-3%,(5)+3% —ya| _ |-4x+, 3% -y,

N N

Since P(Xo, Yo) lies on the hyperbola 3x? —y? = % (before S is translated),

0-3%,(9)+3xC - y2|  |4-4x,]
NN VR

Similarly, distance between Fz(—%,O) and the tangent line (*) is

3x2—y2=4,thus OM =

O’L (refer to the diagram)
o393 y2| faxe, 3¢ yE  frax,

Yo +9x2 \/y§+9x§ _\/y§+9x§

The required product is not affected by translation along the x-axis, thus
|4—4x,| 5 |4+ 4x,|

The productis=OM x O'L =
\/yg +9x? \/yj +9x

%—lﬁxﬂ %—16x§‘
COVE4OxE 3xE-449x
_16fi-x| 4

= -\ = Isaconstant
1206 -4 3

The
duct
d by




Section B: Probability and Statistics [50 marks]

6 A treatment intended to reduce high levels of anxiety in adults is being trialled. A random sample of
9 adults with high levels of anxiety is selected. Each adult in the sample is assessed for anxiety levels
before and after the treatment. The assessment gives a score between 0 and 100 for anxiety level where
a higher score indicates a higher level of anxiety. The scores for the 9 adults are given in the table.

Adult A B C D E F G H I

. , | -
Anxiety before 82 94 69 69 87 76 92 61 78
treatment

Anxiety after

63 84 71 76 74 64 91 65 84
treatment

(a) Explain why it might not be appropriate to use a test based on the z-distribution in this situation.

(1]

(b) Carry out a suitable Wilcoxon test, using a 5% significance level, to investigate whether or not the
treatment appears to be effective. : [6]

[Solution]

(a) The probability distribution of the difference in level of anxiety in adults before and after
treatment may not follow normal distribution. Hence t-test may not be appropriate.

(b)

Let X = Anxiety level before treatment and Y = Anxiety level after treatment.
D=X-Y

Let mg = median of D

Let di =xi—yi for i=1,2,..,9, then

Adult A B C D E F G H I
di 19 10 -2 -7 13 12 1 -4 -6
Rank 9 6 2 5 8 7 1 3 4
of |di|

Ho:ma=0 (no difference after treatment)
Hi:mg>0  (treatment is effective)
Level of significance: 5%

P = sum of the ranks corresponding to the positivedi =1+6+7+8 +9=231
Q = sum of the ranks corresponding to the negative di=2+3+4+5= 14
Tea = min{P,Q} =Q=14

Since n =9, at 5% level of significance, critical region = {t: t<8}

Since Tca = 14 > 8 falls outside the critical region, we do not reject Ho.

Hence, there is insufficient evidence at 5% level of significance to conclude that the treatment
is effective.



A machine is used to put rice into paper packets. An empty packet has a mass of 25 grams. When the
machine is operating correctly, it fills packets with an average of 1.005kg of rice.

As part of quality control, a random sample of 10 filled packets is taken and each is weighed to find its
total mass, x grams. The values of x are as follows.

1028.2 | 1027.4 | 1030.8 | 1032.0 | 1030.1 | 10254 | 1027.4 | 1030.9 | 1031.3 | 1024.3

Yx=102878 Y x> = 10583945.56

(a) Assuming that the masses of rice in the packets are normally distributed, carry out a hypothesis
test at the 5% level of significance to check whether the machine is operating correctly. [6]

(b) A member of the quality control team points out that the standard deviation for the mass of rice
in a packet is known, from past records, to be 2.5 grams. She also says that it would be useful to
have a 95% confidence interval for the mean mass of rice in a packet. Calculate this confidence
interval, showing your working. [2]

()

Method 1

Let u be the population mean mass in grams of a filled packet of rice.
H, : £ =1030 (10059 + 25g) (machine operating correctly)

H, : #1030 (machine not operating correctly)

Level of significance: 5%

Using GC, unbiased estimate of population variance, s* = 2.63894°
X-1030

2.63894 9

Jio
Using GC, p-value =0.178 > 0.05
Since p-value > level of significance, we do not reject Ho. Hence there is insufficient
evidence at 5% level of significance to conclude that the machine is not operating
correctly.

Under Ho, Test Statistic:

Wrong to conclude as “There is evidence that the machine is working correctly”

Method 2 (This method may leads to careless mistakes as you need to find the mass of
rice by taking each x value to subtract the mass of empty packet)
Let « be the population mean mass in grams of rice in a packet.

Let Y be the mass of rice in a packet

H, : 2 =1005

H, : u #1005

Level of significance: 5%

Using GC, unbiased estimate of population variance of Y, s* = 2.63894°
Y1005 .

2.63894 9

Jio
Using GC, p-value =0.178 > 0.05
Since p-value > level of significance, we do not reject Ho. Hence there is insufficient
evidence at 5% level of significance to conclude that the machine is not operating
correctly.

Under Ho, Test Statistic:




10287.8

(b) sample mean mass of rice in a packet = —-25=1003.78
Confidence limits = 3_/i 1<
n
=1003.7811.96% =1003.78+1.55 (Must show this working with 1.96)

95% confidence interval = (1002.23, 1005.33)
(End points rounded off to same number of decimal places as 1.55, i.e. 2 decimal places)

Note:

Above is no longer t distribution since the population standard deviation for mass of rice is
given as 2.5g.

This part excludes mass of packet.

8  The random variable X has probability density function (pdf)

k
Tt —as<x<
() =1{1+22 for —asx<a,

0 otherwise,
where k and ¢ are constants.
(a) Show that k=————. [2]

2tan a

(b) Sketch the pdf. [1]
(¢) Write down the value of E(X) and find Var(X) in terms of a. [4]
The random variable Y is defined by ¥ = | x|
(d) Find the median value of ¥ in the case @ = V3. [4]

a Kk
@ -[—a1+ X

k [tan‘l x]: =1
k [tan‘l a—tan™ (—a)] =1
k(2tan‘1 a):l

dx =1

= shown
2tana ( )

10




(b) \

2tan ' d

-a a

(c) Since the pdf is symmetrical about the line x = 0, E(X) =0 (“Write down”, do not
integrate to find E(X))

Var(X)=E(X?)-[E(X ]

=J'a VL ~dx—0
2 1+X
a 1
=k| 1- dx
J.*a 1+ X2
a a k
= [ kadx- _dx
-a —al4x
[, -1
=2ak -1
__2
tan"a
1 1 3
(d) k=2 _lﬁz —~=o
tan 2() i Do not need to find cdf of Y in
_ 3 this case
Let m be the median of Y.
Note that:
P(Y <m)==
However if cdf of Y, G(y), is
p(| X|< m) _1 already been found/known, then
2 you can substitute m into G(y)
P(-m< X <m) _1 and solve G(m) = 0.5
- 2
3m 1 dx 1
273 m14 X2 2
( j(Ztan m)= 1
2
tan'tm=2
6
mo L
J3
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9 A regional health authority is considering a new policy under which all adults over the age of 60 will ,
be invited to attend a health check. In order to assess the likely response rate, the health authority first
invited a random sample of adults over the age of 60 to attend. The size of the random sample was 800
and 569 attended.

(a) Find a 95% confidence interval for the proportion of adults over the age of 60 in the region who
would attend a health check. Working should be shown. [3]
The health authority then used medical records to categorise those who did and did not attend according
to their state of health. The results of this analysis are shown in the table.
State of health Did attend Did not attend
Poor 125 83
Average 297 85
Good 147 63
(b) Use a chi-square test of independence to show that there is very strong evidence of an association
between state of health and attendance at the health check. [7]
(¢) By considering contributions to the test statistic, identify the main issue that the health aulhority
should be concerned about after this analysis. [2]
569
(@ p,=——=0.71125
800
. _— 1-
95% confidence limits = p, +z M
n
5691) (1 — 569
_2%9 106 (8)0-%) _569 +0.0314
800 800 800
95% confidence interval = (0.6799, 0.7427)
(b) H,: State of heath and attendance at the health check are independent

H, : State of heath and attendance at the health check are associated
Under Ho, the expected frequencies, Ejj are as follows:

State of health, Ojj (Ej) Did attend | Did not attend | Total

Poor 125 83 208
(147.94) (60.06)

Average 297 85 382
(271.6975) | (110.3025)

Good 147 63 210
(149.3625) | (60.6375)

Total 569 231 800

Degree of freedom = (3-1)(2-1)=2

2
O, -E,
Test Statistic: Z%—- 2
ij

Using GC, 2, =20.609, p-value = 3.35x10°

The small p-value suggests that we need a very small level of significance of less than
0.00335% in order for Ho not to be rejected. Hence there is very strong evidence of an
association between state of health and attendance at the health check.

12




(c) The contributions to the test statistic are as follows:

State of health, Ojj (Ejj) Did attend | Did not attend | Total
Poor 3.5571 8.762 208
Average 2.3564 5.8042 382
Good 0.00374 0.092 210
Total 569 231 800

The largest contribution comes from those in poor state of health and did not attend the
health check where the observed frequency (83) are higher than expected (60.06). The
large contribution to the test statistic from this category suggests that more people who are
in poor state of heath are not attending health check as expected which is the main issue
that the health authority should be concerned.

10 A digital message is made up of binary digits (bits). When a digital message is transmitted from sender
to receiver, the “bit error rate’ measures the average proportion of bits of data that have an error when
received.

In a particular type of data channel, errors occur randomly with a bit error rate of 2 per million.

(a) State the assumptions needed for the number of errors in this type of data channel to be well
modelled by a Poisson distribution. [2]

You are how given that these assumptions hold.

(b) A message of length 1000000 bits is transmitted. Calculate the probability that this message is
received with no errors. [1]

Messages with exactly one error can be corrected automatically by the receiver. Messages with more
than one error have to be re-transmitted.

(¢) Find the probability that a message of length 1000000 bits does rot need to be re-transmitted. [1]
(d) Find the probability that a message of length 1000000 bits has to be transmitted
(i) exactly 3 times, [2]
(i) at most 3 times. ‘ . [2]

(¢) Two separate messages, each of length 500 000 bits, are transmitted. Calculate the probability that
neither message needs to be re-transmitted. [2]

(f) Find the expected number of times that & message of length 500000 bits has to be transmitted. [2]

(a) The error in the data channel occurs independently.
Errors must occur at constant average rate or mean rate of occurrence of errors is a
constant

Note: It is wrong to say “errors must occur at constant rate”;
Must not just give a standard list such as “errors occur randomly, independently and
singly”. Errors occur randomly is already mentioned in question. As usual in such

13




questions, “singly” is either part of the independence condition or is automatically satisfied
by the scenario. Students must always consider which of the standard conditions do not
need to be assumed in a particular context.

(b) Let X be the number of errors received in a message of length 1 million bits.
X ~ P0 (2)
P(X=0)=0.13533 ~0.135 (to 3s.f)

(c) P(X <1) =0.406005~ 0.406 (to 3 s.f.)

(d) (i) LetY be the number of times a message of length 1 million bits needs to be
transmitted.
Y~Ge0(0.406005)
P(Y =3)=0.143 (to 3s.f.)

(i) P(Y <3) = 0.790 (to 3s.f.)

(e) Let W be the number of errors received in a message of length 500 000 bits.
W ~PR, (1)
Required probability = P(\W, <1)xP(W, <1) = 0.54134 ~0.541

(F) Let T be the number of times a message of length 500 000 bits needs to be
transmitted. T ~ Geo(P(W <1)) i.e. T ~Geo(0.73576)

1
E(T) = ~1.36 (to 3s.f.
M 0.73576 ( )
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