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                                 2021 Further Mathematics Paper 2 (9649/2) 

 

Section A: Pure Mathematics [50 marks] 

 

(a) Let ( )
1

f x
x

=   

     Using Simpson’s rule,  

    ( ) ( )
e

1

1 e 1 e 1
d f 1 4f f 1

6 2
x

x

−  +  
 + +  

  
   

      
e

1 e 1
2

e 1 4 1
ln 1 +

6 e
x

+

 −
 + 

 
 

              
e 1 8 1

1 1 +
6 e 1 e

−  
 + + 

 

              
( ) ( )

( )

e e 1 8e e 1e 1
1

6 e e 1

 + + + +−
  

+ 
 

     ( ) ( ) ( )3 2 26e e 1 e e 8e 8e e 1+  − + − + −  

    3 2e 3e 15e 1 0+ − −   

    Hence e is approximately a root of 3 23 15 1 0x x x+ − − = . (shown) 

(b) 
3 23 15 1 0x x x+ − − =  

      Using GC, 0.06582, 5.6319, 2.6977x x x= − = − =   

      Since e > 0, e  2.6977 (to 4 d.p) 
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[Solution] 

(a) 

 
Note that the centre of circle lies 
above the half-line. 
 
 
 
 
 
 

(b) 
 

Let Q represents zo  

In the right-angle triangle, OCQ, where C is 

the centre of the circle 
2 2 2 25 6 7 25 60oz OQ OC= = − = + − =  

      = 2 15  

In  OCQ ,  tan COQ = 
5

2 15
     

 COQ = 0.5732033 

Also tan−1( 7
6 ) = 0.862170 

 

  Thus   arg zo = 0.862170 – 0.5732033   0.289 (correct to 3sf) 
 
Use above geometric method is faster! 
 

 

 

 

 

 

S 

arg(z) = 4
   

6 7 5z i− − =

=   



(6, 7) 

5 
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d
cos sin cos sin cos sin

d

x
x t t t t t t t t t

t
= −  = − − = −   

d
sin cos sin cos sin cos

d

y
y t t t t t t t t t

t
= +  = + − =  

2 2

2 2 2 2d d
sin cos

d d

x y
t t t t

t t

   
+ = +   

   
  

                                 
2t t= =  (since 

3
0

4
t   ) 

A ( )
3
4

0
2 sin cos dt t t t t



= +   

( )
3
4 2

0
2 sin cos dt t t t t



= +  

( ) ( ) 
3 33 3
4 44 42

00 0 0
2 cos 2 cos d sin sin dt t t t t t t t t

  
  = − + + −       

   
33 3
44 4

2

0 00

9 2 3 2
2 2 sin 2sin d cos

16 2 4 2
t t t t t

  

      

= + − + +        
       

  

 
3
4

2

0

9 2 3 2 3 2 2
2 2cos 1

32 4 8 2
t

  

   

= + + + + − −   
   

 

( )
29 2 9 2 2

2 2 2 1
32 8 2

 

 

= + + − − − − 
 

 

29 2 9 2 3 2
2 3

32 8 2

 

 

= + − − 
 

 

29 2 9 2
3 2 6

16 4

 

 

= + − −  
 

units2  
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[Solution] 

(a)  Rank of a matrix is the dimension of the column space represented by the matrix. 

 

Wrong: number of non-zero rows in reduced form of the matrix; dimension of the matrix 

 

       

1 3 1 2

2 5 1 5

1 2 7 10

5 3 0 9

 
 
 
 −
  
 

                   

1 3 1 2

0 1 1 1

0 1 6 12

0 12 5 1

 
 

− −
 
 − −
  − − − 

                  

1 3 1 2

0 1 1 1

0 0 7 13

0 0 7 13

 
 

−
 
 −
  − 

 

                                                 

1 3 1 2

0 1 1 1

0 0 7 13

0 0 0 0

 
 

−
 
 −
  
 

 

There are 3 pivot elements (or 3 non-zero row in the REF form of M), so the rank of A is 3 
 

(b) The four row vectors of A are not linearly independent as indicated by an empty row of 

the REF form of A. 

(c)  Let 1 2 3

5 1 2 1

3 3 5 2

0 1 1 7

9 2 5 10

c c c

       
       
       = + +
       
              −       

 

           Solving the equations:   c1 = −18 , c2 = 11 and c3 = 1 
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Eccentricity, e,  is the ratio between the distance of a 

point, P, on the conic and a focus, F, to the distance 

between the point and a directrix d 

That is 
PF PF

e
Pd PQ

= = . 

 

e = 1 , S is a parabola 
 
 
 

e = ½, S is an ellipse 

 

 

  

e = 2 , S is a hyperbola  
 
 
 
 
 
 
 
 
 

(b) (i) e = 2  and F(0, 0) and x = -1  

       

x = −1 
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      Let P(x, y) any point on the hyperbola.  
2 2

2
( 1)

x y

x

+
=

− −
 

        x2 + y2 = 4(x + 1)2  

        x2 + y2 = 4x2 + 8x + 4  3x2 – y2 + 8x + 4 = 0   
 

(ii)  Equation of conic S is 
22 24

2 34
3 22 4

3 3

( )4
( ) 1

3 9 ( )

xy y
x

+
+ − =  − =  (hyperbola) 

           Consider 

( )

2 2

222
2

3
3

1
( )

x y
− =   or  3x2 – y2 = 

4

3
  

           Using c = ae   c = 2
3

(2) = 4
3

     

          So the other focus point for conic S is (
8

,0
3

− ) 

 

(iii) Method 1  

S is a hyperbola with 
2 2 4

, ,  and 2
3 33

a b c e= = = =  . 

Let P be a point on the hyperbola and line PQ be the tangent to S at P.  

WLOG, let OP > O’P = x, such that OP – O’P = 2a = 
4

3
  

 

By the reflective property of hyperbolae, 'OPQ O PQ = . Denote this angle by  . 

Let O’P = x, OP = 
4

3
x +  and let the distances from O to T and O’ to T be d1 and d2 

respectively. 

Then d1d2 = (OP sin )(O’P sin ) = 
24

( ) sin
3

x x 
 

+ 
 

  

 = 
2 4 1 cos 2

3 2
x x

−  
+  

  
 = 

2 21 4 1 4
cos 2

2 3 2 3
x x x x 

   
+ − +   

   
 --- (*) 

 

Consider triangle OPO’: OO’ = 2ae = 
8

3
 .  

 

Using the cosine rule, 

2 2

2 28 4 4
2 cos 2

3 3 3
x x x x 

     
= + + − +     

     
  

  = 
2 28 16 4

2 2 cos 2
3 9 3

x x x x 
 

+ + − + 
 

 

Hence 

2

2 28 16 4 4
2 2 cos 2

3 9 3 3
x x x x 

     
− = + − +     

     
 

 
2 21 4 1 4 1 64 16 4

cos 2
2 3 2 3 4 9 9 3

x x x x 
     

 + − + = − =     
     

  

Substituting into (*), we have d1d2 = 
4

3
, a constant value.  
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Method 2 [Coordinate geometry – straight forward but more tedious] 

Consider the equation of tangent to the hyperbola  

3x2 – y2 = 
4

3
  (before S is translated) so its foci are 

(
4

,0
3

 )  and a point P(x0, yo) on the hyperbola 

6x – 2y
dy

dx
= 0   

3dy x

dx y
=  

Equation of tangent to the hyperbola at P is: 

0
0

3
( ) ( ) 3 ( )o o o o o

o

x
y y x x y y y x x x

y
− = −  − = −  

2 2

0 03 3 0o oyy x x x y− + − =    ------ (*)    

 

Distance between O(
4

,0
3

) to the tangent line (*) is :  

OM  (refer to the diagram) = 
2 2 2 24

3

2 2 2 2

0 0

0 3 ( ) 3 4 3

9 9

o o o o o o

o o

x x y x x y

y x y x

− + − − + −
=

+ +
 

Since P(x0, yo)  lies on the hyperbola 3x2 – y2 = 
4

3
  (before S is translated),  

2 2 4
3

3 o ox y− = , thus  OM = 

2 24 4
3 3

2 2 2 2

0 0

0 3 ( ) 3 4

9 9

o o o o

o o

x x y x

y x y x

− + − −
=

+ +
 

Similarly, distance between F2(−
4

,0
3

) and the tangent line (*) is 

                                O’L (refer to the diagram)  

                                   =

2 2 2 24 4
3 3

2 2 2 2 2 2

0 0 0

0 3 ( ) 3 4 3 4

9 9 9

o o o o o o o

o o o

x x y x x y x

y x y x y x

− − + − + − +
= =

+ + +
 

 

The required product is not affected by translation along the x-axis, thus 

The product is = OM  O’L = 
4
3

2 2

0

4

9

o

o

x

y x

−

+
  

4
3

2 2

0

4

9

o

o

x

y x

+

+
 

                                            = 

2 216 16
0 09 9

2 2 2 24
0 0 03

16 16

9 3 9o

x x

y x x x

− −
=

+ − +
  

                                           = 

21
09

2 1
0 9

16 4

12( ) 3

x

x

−
=

−
 is a constant  

 

 

 
 

 

 

Graph of S. The 

required product 

is not affected by 

translation 
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Section B: Probability and Statistics [50 marks] 

 

[Solution] 

(a)  The probability distribution of the difference in level of anxiety in adults before and after 

treatment may not follow normal distribution. Hence t-test may not be appropriate. 

            

(b) 

Let X = Anxiety level before treatment and Y = Anxiety level after treatment.  

D X Y= −       

Let md = median of D 

Let  di  = xi − yi   for  i = 1, 2, ..., 9,  then 

 

Adult A B C D E F G H I 

di 19 10 -2 -7 13 12 1 -4 -6 

Rank 

of |di| 

9 6 2 5 8 7 1 3 4 

             

H0 : md = 0     (no difference after treatment) 

H1 : md > 0 (treatment is effective)    

Level of significance: 5%  

P = sum of the ranks corresponding to the positive di  = 1 + 6 + 7 + 8 + 9 = 31 

Q = sum of the ranks corresponding to the negative di = 2 + 3 + 4 + 5 =  14            

Tcal  =  min{P,Q}  = Q = 14     

 

Since n = 9, at 5% level of significance, critical region = {t:  t  8}       

Since Tcal  = 14 > 8 falls outside the critical region, we do not reject H0.  

 

Hence, there is insufficient evidence at 5% level of significance to conclude that the treatment 

is effective.       
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(a)  

Method 1 

Let   be the population mean mass in grams of a filled packet of rice.  

     
0H : 1030 =  (1005g + 25g) (machine operating correctly) 

     
1H : 1030   (machine not operating correctly) 

      Level of significance: 5% 

      Using GC, unbiased estimate of population variance, 2 22.63894s =   

     Under H0, Test Statistic: 
92.63894

10

1030X
t

−
  

 Using GC, p-value = 0.178 > 0.05 

 Since p-value > level of significance, we do not reject H0. Hence there is insufficient  

 evidence at 5% level of significance to conclude that the machine is not operating  

 correctly.   

 

Wrong to conclude as “There is evidence that the machine is working correctly” 

 

Method 2 (This method may leads to careless mistakes as you need to find the mass of 

 rice by taking each x value to subtract the mass of empty packet)   

     Let   be the population mean mass in grams of rice in a packet.  

     Let Y be the mass of rice in a packet 

     0H : 1005 =  

     
1H : 1005   

      Level of significance: 5% 

      Using GC, unbiased estimate of population variance of Y, 
2 22.63894s =   

     Under H0, Test Statistic: 
92.63894

10

1005Y
t

−
  

 Using GC, p-value = 0.178 > 0.05 

 Since p-value > level of significance, we do not reject H0. Hence there is insufficient  

 evidence at 5% level of significance to conclude that the machine is not operating  

 correctly.   
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(b) sample mean mass of rice in a packet = 
10287.8

25 1003.78
10

− =   

Confidence limits = y z
n


  

                       
2.5

1003.78 1.96 1003.78 1.55
10

=  =     (Must show this working with 1.96) 

95% confidence interval  = (1002.23, 1005.33)    

(End points rounded off to same number of decimal places as 1.55, i.e. 2 decimal places) 

 

Note: 

Above is no longer t distribution since the population standard deviation for mass of rice is 

given as 2.5g. 

This part excludes mass of packet. 

 
 

 

(a) 
2

d 1
1

a

a

k
x

x−
=

+   

1tan 1
a

a
k x−

−
  =   

( )1 1tan tan 1k a a− − − − =   

( )12 tan 1k a− =  

1

1

2 tan
k

a−
=  (shown) 
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(b)       

 

 

 

 

 

 

 

 

 

(c) Since the pdf is symmetrical about the line x = 0, E(X) = 0 (“Write down”, do not 

integrate to find E(X)) 

     ( ) ( ) ( )
22Var E EX X X= −      

                   2

2
d 0

1

a

a

k
x x

x−
= −

+  

                   
2

1
1 d

1

a

a
k x

x−
= −

+  

                   
2

d d
1

a a

a a

k
k x x

x− −
= −

+   

                     1
a

a
kx

−
= −  

                   2 1ak= −  

                   
1

1
tan

a

a−
= −  

      

(d)   
1

1 1 3

22 tan 3
2

3

k
 −

= = =
 
 
 

 

       Let m be the median of Y.  

       ( )
1

P
2

Y m =   

       ( )
1

P
2

X m =  

       ( )
1

P
2

m X m−   =  

   
2

3 1 1
d

2 1 2

m

m
x

x −
 =

+  

            ( )13 1
2 tan

2 2
m



− 
= 

 
 

                          1tan
6

m
− =  

                                  
1

3
m =  

 

x 

  

-a a 

y 

y = f(x) 

Do not need to find cdf of Y in 

this case 

Note that: 

However if cdf of Y, G(y), is 

already been found/known, then 

you can substitute m into G(y) 

and solve G(m) = 0.5 
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(a)    
569

800
sp = =0.71125 

         95% confidence limits = 
( )1s s

s

p p
p z

n

−
   

                                             
( )( )569 569

800 800
1569 569

1.96 0.0314
800 800 800

−
=  =   

        95% confidence interval = (0.6799, 0.7427)                                     

(b)  0H :  State of heath and attendance at the health check are independent  

       1H :  State of heath and attendance at the health check are associated  

       Under H0, the expected frequencies, Eij are as follows:  

State of health, Oij (Eij) Did attend Did not attend Total 

Poor  125 

(147.94) 

83 

(60.06) 

208 

Average  297 

(271.6975) 

85 

(110.3025) 

382 

Good 147 

(149.3625) 

63 

(60.6375) 

210 

Total 569 231 800 

        Degree of freedom = ( )( )3 1 2 1 2− − =   

        Test Statistic: 
( )

2

2

2

ij ij

ij

O E

E


−
   

        Using GC, 2

cal 20.609 = , p-value =  
53.35 10−   

        The small p-value suggests that we need a very small level of significance of less than  

        0.00335% in order for H0 not to be rejected. Hence there is very strong evidence of an  

        association between state of health and attendance at the health check. 
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(c) The contributions to the test statistic are as follows:  

 

State of health, Oij (Eij) Did attend Did not attend Total 

Poor  3.5571 8.762 208 

Average  2.3564 5.8042 382 

Good 0.00374 0.092 210 

Total 569 231 800 

 

The largest contribution comes from those in poor state of health and did not attend the 

health check where the observed frequency (83) are higher than expected (60.06).    The 

large contribution to the test statistic from this category suggests that more people who are 

in poor state of heath are not attending health check as expected which is the main issue 

that the health authority should be concerned.  

 
 

 

 

 (a) The error in the data channel occurs independently.  

          Errors must occur at constant average rate or mean rate of occurrence of errors is a  

          constant 

 

Note: It is wrong to say “errors must occur at constant rate”;  

Must not just give a standard list such as “errors occur randomly, independently and 

singly”. Errors occur randomly is already mentioned in question. As usual in such 
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questions, “singly” is either part of the independence condition or is automatically satisfied 

by the scenario. Students must always consider which of the standard conditions do not 

need to be assumed in a particular context.   

(b)  Let X be the number of errors received in a message of length 1 million bits.  

      ( )0P 2X   

       P(X = 0) = 0.13533 0.135  (to 3 s.f) 

(c) ( )P 1X   = 0.406005 0.406 (to 3 s.f.) 

(d) (i)   Let Y be the number of times a message of length 1 million bits needs to be  

             transmitted.    

            Y~Geo(0.406005) 

            P(Y = 3) = 0.143 (to 3 s.f.) 

      (ii) P( 3Y  ) = 0.790 (to 3 s.f.)  

(e)  Let W be the number of errors received in a message of length 500 000 bits.       

      ( )0P 1W  

      Required probability = 
1 2P( 1) P( 1)W W    = 0.54134 0.541  

(f) Let T be the number of times a message of length 500 000 bits needs to be  

     transmitted. ( )Geo P( 1)T W   i.e.  ( )Geo 0.73576T  

     E(T) = 
1

1.36
0.73576

  (to 3 s.f.)  

 

 

  

        

 


