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1 It is given that f(x) = ax’ +bx* +cx+d , where a, b, ¢ and d are constants.

The curve C with equation y =f(x) passes through (0, —1) and has a maximum point at (-1, 1). The
area bounded by C, the x-axis and the lines x = 2 and x=3 is 2 units®>. Given that f(x) > 0 for

2 < x <3, find the values of a, b, ¢ and d. [5]

2 The vectors a and b are given by

a=1+ (sind)j +(cosf)k and b=i+(sing)j +(cos@P)k, where 0<O<Pp< 7.

Find an expression for |a><b| in terms of &, where 0 =1(¢—-6). [5]

Deduce that the angle « between a and b is given by sin & = sin dv/1+cos’ J . [2]

3 The equation of a curve is given by 4x’ +3x*y=y’-2. Find % in terms of x and y, simplifying

your answer. [2]

The curve meets the line y =—x at point P. Find

(i) the coordinates of P and [2]

(ii) the equation of the tangent at P. [2]
The tangent to the curve at P cuts the x-axis at R and the normal to the curve at P cuts the y-axis at Q.

If O denotes the origin, use the results above to give a geometrical description of the quadrilateral

OQPR. [1]
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(a) Solve the inequality 1-2sinx>0 for 0<x Sg . Hence, evaluate the exact value of
j2|1—28inx| dx. [4]
0
__cos®
(b) Use the substitution x = sin € to show that dé= j
N 2cos260 - J1=4x?
“  cos® V4
Given that —, find the value of ¢, given that 0< ¥ < — 4
\/ 2c0s260— s 2 4l

A curve y =f(x)undergoes in succession, the following transformations:
A: A reflection in the y-axis
B: A translation of 2 units in the direction of the x-axis

C: A translation of —a units in the direction of the y-axis, where a >1

—3a . .
. Determine the equation
-x+5

(i) The equation of the resulting curve is y =g(x), where g(x) =

of the curve y =f(x), in terms of aand x. [4]
(ii) Sketch, on the same diagram, the graphs of y=g(x)and y=g '(x), indicating clearly the

equations of the asymptotes and the axial intercepts. [4]

(a) In atriangle with vertices A, B and C, angle BAC is a right-angle and angle ABC = %—x.

AB 1++/3 tan x

B \/g—tanx '

(i) Hence, show that when x is small enough for x* and higher powers of x to be neglected,

(i)  Show that

(1]

AB .
thenA—C = a+bx, where a and b are exact constants to be determined. [3]
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(b) A curve is defined by the equation
(1+x2)%+w =1+x

and (0, 1) is a point on the curve.

(i) Find the Maclaurin’s expansion of y up to and including the term in X% [3]

(ii) Hence, find the series expansion of e”, up to and including the term in x. [3]

7 (@) An arithmetic progression has first term a and common difference d, where a and d are non-
zero. The first, third and seventh terms of the arithmetic progression are three consecutive
positive terms of a geometric progression with common ratio r.
(i) Show that r=2. [3]
(i) The first term of the geometric progression is one-tenth that of the first term of the
arithmetic progression. Find the smallest value of n such that the sum of the first n terms
of the geometric progression exceeds the sum of the first 2n terms of the arithmetic

progression. [3]

(b) Each time that a ball falls vertically on to a horizontal floor, it rebounds to three-fifth of the
height from which it fell. It is initially dropped from a point 2 m above the floor.

(i) Find the distance travelled by the ball just before it strikes the floor for the third time in

terms of A. [1]
(ii) Show that the total distance travelled by the ball cannot exceed 44 m. [3]
8 (a) Solve the equation i’ = - 32, giving your roots in the form re'® where r >0 and -7 < < T.

Sketch on an Argand diagram the points P;, P, P3, P4 and Ps representing these roots, where P,
represents the root with the smallest argument and P, P, Ps P4 Ps is a polygon described in an

anticlockwise sense. Find the area of Py P, P; P4 Ps. [6]

(b) On an Argand diagram sketch clearly the locus of P where P represents the complex number z
such that z satisfies both Iz — 2 — 2il <1 and arg(z — 1) = arg(1 + 3i). Find the range of values

of arg(z — 3 — 2i), given that Iz — 2 — 2il £ 1 and arg(z — 1) = arg(1 + 3i). [4]
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9 (a) A sequence of negative real numbers x,,x,, x;,... satisfies the relation

X, =—+1-2x, ,forn>1.
Given that the sequence converges to /, find the exact value of /. [2]
. . 2 . A B
(b) (i By expressing in the form —+ , where A and B are real constants to be
r ( r+ 2) ror+2
determined, show that z ! = E — 2n+3 . [3]
ey r(r+2) 4 2(n+1)(n+2)
(ii) Prove the result in (i) using mathematical induction. [4]
= 1
iii) Deduce the value of . 2
(iii) Z 12) [2]

10  The points P and Q have position vectors 3i+4j—k and 5i+7j+ 6k respectively.
(i) The plane [] passes through Q and is perpendicular to PQ. The equation of [] is
r=a+ b+ uc, where A, e R and vectors b and ¢ are perpendicular to each other. Write

down a suitable vector a and explain why 3i—2j can be taken as b. Find a suitable vector c.

[5]

The point R has position vector 6i+43j+8k. The line / passing through the points P and R intersect

[T at point S with position vector s.
(ii) Explain why the lines with equations r =a+ab and r =s+ fc, where &, fe R, will intersect.

[2]

(iii) Find the position vector of point S and determine whether point S lies on PR produced. [5]
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11

In a city of 5 million people, the number of customers of a new company increases at a rate
proportional to the number of people who are not its customers. The company determines that in

order for its business to be profitable, it must have at least 1 million customers at any point in time.

The company has 1 million customers at the end of the third year of operation, starting from a

customer base of 0. Assume that the population remains unchanged at any point in time.

(i) State a differential equation involving y and ¢, where y is the number of customers (in millions)

and ¢ is the number of years from the time the company starts its operation. Hence show that

y=5 (1 —e" ) , where k is a constant to be determined. [5]

(i) Sketch the graph of y against r. [2]

At the end of the 6th year of operation, the company has a customer base of 1.8 million. However,
due to new competitors, the growth rate of its number of customers is now modelled by the equation
d? y

=01

It is known that under this model, its number of customers would drop to 1.65 million at the end of
the following year of operation.

(iii) Determine in which year the company’s business will become unprofitable. [5]

End of Paper
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