6. Maclaurin Series (solutions)

Y5 Topical Revision Package 1

1 % 1 % _%) 2
(1-x) =1+§(—x)+T(—x) +
=l-dix-1ix*+ )
B+ ax)(3+bx)™
=(3+ax)3) " (1+1bx)"!
=D(=2) 2
=(1+ %ax) (1 + (—1)(%bx) + T(%bx) 4.
=(1+tax) 1-Lbx+1b°x +-)
=1+(@a-1b)x+(Eb* —Lab)x® +---
=l+l(a-byx+1(d? —ab)x> ++ e (1)
Comparing (1) & (II),
a—b=-1----(1)
b* —ab=—1--—-(2)
From (1), a=b-1
Subst a into (2),
b*—(b-1b=-1
Thus b=-1, a=-2
2(i) Y +ref+3y=5-———--———— )
Differentiating (1) with respect to x,
2yd—y+ e’ + 3d—y =0
dx dx
dy
2y+3)—+e" =0 ——————— 2
2y )dx (2)
Differentiating (2) with respect to x,
dy @j d’y
2= || = [+2y+3)—5+e =0
( mj(m: 2y )dx2 e
2 2
2(;Xj4{2y+3y—§+eX=0($xmm)———— 3)
(ii)

Whenx=0, y*+3y—4=0 (from (1))
(y=Dy+4=0
= y=1or—4 (NA since y > 0)
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d 1
When x =0, Ey =< (from (2))
‘;;{ = —122—75 (from (3))
ol 2T
5 250
3(i) (1+x)y =In(1+2x) o (®)
Differentiate (*) w.r.t. x :
(l+x)%+y:1+22x ()

Differentiate (1) w.r.t. x :

dy )
+
dx  (1+2x)°

=0 (shown)... (2)

(ii) Differentiate (2) w.r.t. x :

3 2
TS L S

- =0 .. (3
de' dx* (1+2x) )
When x =0
From (*) : y=Inl=0
From (1) : d_y=2
dx
2
From (2) : jx); -8
3
From (3) : %:40

— 4
Hence, y = 0+2x+—8x2 +—0x3 +...

2! 3!

= 2x—4x° +?x3 +...

(iii) y=(1+x)"In(1+2x)

=(l-x+x’ +...)(2x—@+@+...]
2 3

=2x+ (2-2)x* + (§+2+2j X+
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= 2x—4x’ + ?ﬁ +... (verified to be same as part(ii))
A0
9—x’
1
(o)
1
232
X
3 9
1 1
—— |l -=-1
1 | xz(zj(zszz
=—|1+|—= || — [+ -— | +
3 2 9 2! 9
1 S
= — _t
3018 216 j
Range of validity:
2
‘—x—<1:>|x2|<9
S =3<x<3
: GHE
When le’;:l 1+2—+ 2 +..
2 1 3] 18 216
(3
2
1 ~l[3505j
35 3\3456
\ 4
3(3456) 20736
\/gz x2=
3505 3505
5(i) F(x)= Sx - A +Bx+2C
(1+2x)(1+x7) 142x  l+x
Solving
A=-2, B=1, C=2,
. 2 x+2
e, f(x)=— +
) 1+2x 1+x7
L L
1+2x
=2(1-2x+4x" —8x" +...)
=-2+4x-8x"+16x" +...

6. Maclaurin Series (solutions) 3
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x+2
2

:(er2)(l+xz)71

:(x+2)(1—x2 +)

=2+4x-2x"—x"+...

1+x

o f(x) = 5x—10x7 +15x%° +...

(iii)

(iv)

1 X
jo (220 (1) dx=0.164 (3s.f)

Range of validity given by |2x| <land |x2| <1

i.e,

1 1 1
X <—=>——<x<—
2 2 2

The answer in part (iii) is not an appropriate approximation as the series expansion
X

o (1+2x)(1+x)

approximation for the interval up to x =1.

is valid only for |x| < % Hence it cannot be used for

6(a)(i)

2 1 xY' 5
f = 2—x_(1+x)2 _(1_5] ~(1+x)

=(1+§+(%}2 +...]—(1—2x+3x2 +..)

=(1—1)+(%+2]x+(%—3)x2 +...

(i)

. D 5
Equation of the tangent to curve at origin is y = 7x
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(b)

1 1 1(1Y), (1 1
I+—x+|——+=| = | [x+| —+—=
2 8 212 16 2

1 I
=e|l+—x+—x"+...
2 48

1
8

(__

Js

1) s
— | X +..
48

7() tan”' y =In(1+x)
1y
1+y” dx

dy 2
=(l+x)—=—=1+ shown
1+x ( x)dx vl )

(ii) (1+ )dy dy 2ydy

dx*  dx dx
(1+x)

4

dx2

y 34y _ 2ydy 6

3 2 2
4y +2dy_2ydf+2(d—yj
' d®  \dx

dydy

d'y
(1+x) e

de

When x=0, y=0

dx3

dx dr®

b_
dx

’ dxz

2
d_y:_1 &y —4

dx3

d4y
’ dx4

—-18

. tan (ln(l + x)) =

(iii)

intersection at (0,0)

6. Maclaurin Series (solutions)
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8(a) 8

:2+2x+§x2 +...
2

X

Expansion is valid for |—|<1=>-2<x<2

(b) y= Cot(Zx + zj
4

Differentiating w.r.t. x:
Y_ “2cosec?| 2x+ 2
dx 4

d_y =-2 {1 +cot? (2)6 + zﬂ
dx 4

% = —2(1 + yz) (shown)
Differentiating w.r.t. x:

2
dy_4d_y

o dx
Differentiating w.r.t. x:
d3 2 2
_J; =4y d_)z’ _4 (d_y]
dx dx dx
2 3
d_y: 4 d_y—16’ d_y:_128

Forx=0,y=1, — 4, =
YT & &

y=1-4x+8x’ —%)f +...
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Since cot(2x+%} =1—4x+8x" —%)f +...

tan (2x + 1)
4

~ (1—4x+8x2)71

:1—(—4x+8x2)+(_1)2ﬁ(—4x+8x2)2+...

=1+4x—-8x>+16x> +...

=1+4x+8x> +...

Thus, a=1,b=4,c=8

9N | dy -3
dx 4-x°
x’ -3
= dx
4 J4—x2
:J—H ! >~ dx
4—x
1 2+x
=—x+zln[ j+c (no need modulus " -2 < x < 2)
-X
When x=0,y=2: 2=%ln(l)+c:c=2
1. (2+
S y=—x+—=In R
4 \2-x
(ii) 3

When x =0, y=2 and d—y:——.
dx 4

(4—x2)j;);—2x%=2x

2

When x =0, d’y 0.
dx

> =

3 2 2
(4—x2)d Y 54y S 4y L,

dx’ dx® dx® dx
3 2+2[—i) 1
When x =0, 3;: =—
4 8
1 x°
=2——Xx+——+
YEETTTR 3
1
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10 3tan~! x dy 3 3tan~!x 3y
= - ——=— —_——
ree dx 14 1+ x7
’ (1+x2)@=3y (Shown)
dx
2 2
(1+x2)d—f+2xﬂ:3ﬂ = (1+x2)d2y+(2x—3)ﬂzo
dx dx dx dx dx
3 2 2
(1+x2)d—f+2xd—f+(2x—3)d—f+zﬂzo
dx dx dx dx
3 2
- (1+x2)d—;v+(4x—3)df+2d—y=0
dx dx dx
2 3
When x=0, y=1, ¥ =3, 9V _g 4V _y
dx dx dx
' fu(O) fm(o)
Hence, y = /(0)+x/"(0)+x 5 +x TR
:l+3x+2x2+1x3+...
2 2
2x+3tan"! x
— ereS tan”! x
2 2
= 1+2x+ﬂ+... (1+3x+2x2+1x3+...j
2! 2 2
Skt 24
2
11 y =sin"[In(x +1)] --- (1)
siny =In(x+1)
Differentiate with respect to x:
dy 1
cos y— =—— (shown) --- (2
S rm— ( ) - (2)
Differentiate with respect to x:
d’y dy, . dy 1
CoOS y—=+—(—sin y)—=—
Ve T T 4 T Ty
d’y . dyj2 1
cos —siny| — | =— shown) --- (3
e y(dx Gty ( ) - 3)
(i) Differentiate with respect to x:
d’y d’y . dy
cosy——+ —sin y)—
Y dxz( Sn
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i o @ (@) () (A2
l:(SIHy)(z)dx(dsz+(dx] Cosy(dxﬂ (x+1)
d'y L. [dy)dy) d_y3: z
O sin y( dx’? j(dx) o y(de (x+1)° @

When x =0,
(1): y=sin"'0=0

dy dy
() COS()1 =

dx
2 2
(3): cos(0) 3}6{ —sin(0)(1)* =-1= ‘(Lf =1
d3y 3 d3y
(4): cos(O)g —3sin(0)(=1)1)—cos(0)(1) =2 = Fi 3
y= 0+1x+ T2 30y
2! 3!

(i)

V- x—lx2+lx3 <0.1
2 2
_ 1, 1,
~0.1<sin"[In(x +1)]- x—zx +Ex <0.1
. 1 2 1 3
Sketch y =sin [1n(x+1)]— x—Ex +Ex , y=0.1and y=-0.1.
y A
y=0.1
-0.£2( 0.7§3 X
/ \ y=-0.1
Solution set: {x e R:-0.521<x <0.783}
(iii) Using the Maclaurin series for

1 1
sin' [In(x+D]= x—=x*+—x" +...
[ ( )] 2 2
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Differentiate both sides wrt x :

isin_1 [1n(x+l)] = i(x—l)f Jrlx3 +j
dx dx 2 2

1 3,
=l—-x+—x"+...
(x+1)y/1-(In(x +1))? 2
12(1) d tan”' x -
y ¢€ tan”' x
—_= =y=e +c
dx  1+x2 4

Whenx=0,y=1 =l=e"+c=c=0
Thus y=e™ *
(ii)

tan”' x

dy_e” " _ vy
dx  1+x? 1+x?

=(147) =

dy d
(100183 H

( ) +(2x —1) Y —0 (shown)

;
) (1+x )%Hz —1)dy 0

3 2 2
:>(1+x )dy+2 d—+(2 )df+29=o
& e dx

&’y d’y dy

2 —

:>(1+X )§+(4x—l)g+2a—0

When x =0, y =1 (given)

dy &y dy
=L :1’_3

dx dx dx

y:1+x+%x2—lx 4.

=-1

(1V) etan’] X dy

— —1+x—lx +-
1+x>  dx 2

Alternative method:

tan”' x

-1
> — etan X(1+x2)—1

€

1+x

=(1+x+%x2 —éx3 +---](1—x2 +)

:l+x—lx2+-~-
2

6. Maclaurin Series (solutions)
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13

y=e'sin’ x+1
Diff wrt x:

d } .
Ey =¢"(2sinxcosx)+e"sin’ x

=e*sin2x+e*sin’ x
=e'sin2x+y—1
Sa=-1

d*y
dxz

=e" (20052x)+e" sin2x+d—y
dx

=Ze"c052x+(d—y—y+lj+d—y
dx dx

2
&y _,d
dx

o +y=2e"cos2x+1

133)

odfz
Cdr

y:l+%x2+...:l+x2+... --(*)

13(ii)

(I-x)"=1+x+x"+...
To obtain the series expansion of e >*sin’ 2x +1 from the series expansion of
e“sin’ x +1, replace x with —2x in the series of e*sin’ x +1 in (*).

Note that
e sin’(-2x) +1=e " (-sin2x)’ +1
=e"sin® 2x+1

=(e”
(

eI 2+l (e 2x+1)(1-x)"

1+( 2x)° +.. )(1+x+x2+...)

6. Maclaurin Series (solutions) 11
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14

Let T be the point of the base of the tower. Then,

or = h = h ~ h (v x small = tanx = x)
4 T 1+x
tan(+xj tanz+tanx ( j

—X

T
]—tan—tan x
4

~h(1-x)(1+ x)f1 (shown)

Also PT = L = \/gh
tanE
6

By Pythagoras’ Theorem,
PO’ = PT* +QT*

= (V3h) +(h(1-x)(1+x) ")

=32+ h* (1-x) (1+x)~

=30+ (1-2x+x7 ) (1-2x+3x" +..)
=30" + 1’ (1-4x+8x" +...)

~ 4k’ (1-x+2x") (shown)

15(i)

(i)

BC 4B

sinx siny
siny = B sin x
Y= BC

siny =ksinx (shown)

3 2 2 2
cosij—y—(smy)[jij[szj {(smy)(2)(%}[jx—§]+(%j [cosy%)]:—kcosx
3 2 2
cosyd—y—Bsmy(dy] 4y —cosy(d—yj(d—y] =—kcosx
d? dx )| dx? dx J\ dx

2 3
whenx=0, y=0, &g, &2 _ d—y:k(kz—l)

A
y 0+kx+0+k(k32' 1)x3+
—kx+k(k2_l)x3+
6

6. Maclaurin Series (solutions) 12
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16(i)

XABC=rn-27-0-Z_¢
3 3

Using Sine rule,
1 BC

sin(” - 9) Sil’lgﬂ'
3 3

.2
sin — 7
3

sin (7[ - (9)
3

.2
sin —7
3

BC =

. T T
s1n§cos9—cos§sm9

J3

2

NG

—cos@—lsinﬁ
2 2

B3

= Shown
\/3 cos@ —sin@ [ |

(i)

Since @ is a sufficiently small angle,

BC ~ \/52
ﬁ[l—ij—a

_ NG
x/——*fez—e

6. Maclaurin Series (solutions)

13




Y5 Topical Revision Package 1

17(G) | Method 1

y — esin’l3x
Iny =sin™' 3x
Diff. w.r.t x,
1 3

ydv  J1—oy

Diff. (1) w.r.t x,
d’y dy(1 . dy
V1-9x? 7 +a[5(1—9x2) 2 (~18x) =34

S 4y 9 dv_sdy
de’  J1-9x? dx  dx

2
(1—9x2)jx—);—9x% — 3195 %

2
(1—9x2)jx);—9x%=9y ........... (2)

[Shown]

6. Maclaurin Series (solutions)
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Method 2
sin 1 3x

yze

Differentiating w.r.t. X,
Q _ sin ! 3x[ 3 J
dx V1-9x2

3
d’y  in"! 3 3 in~13x| 3 -
; ;’Zesm 3x[\/ . J[\/ . ]+esm 3x _5(1_9x2) 2(~18x)
X 1-9x 1-9x
9esin_1 3x 9¢ sin” 3x(3x)

- 2
1-9x (1 9x2)V1—9x>

(- 9x) y —9y 1+ ox Y
X

2
(1—9)62)u —9xd—y =9y (shown)
dx? dx

(i)

Diff. (2) w.r.t x,

2
(1- 9x)jxy (—18x);1x—J;—9 &y _odr_odv

& de
(1-9x° )dy 27x d—f_lsdy ............... (3)
e’ A dr
When x =0,
y:esin’l3(0) -1
From (1), \/1—Od—y=3(1) :>d—y=3
dx dx
\/—dzy d’y
From(2), 1—0—2—9(0)(3):9(1) 3@29
3
From (3), /1 - ——27( )(9)=18(3) :jx—f=54
x2 x3
Y =l+x(3)+2—!(9)+;(54)+ ......

:1+3x+%x2 +9x  +...

6. Maclaurin Series (solutions)
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(iii) i

B (2]

2
f”(O) =-2? sm(%) = —% - 22
f(x)=F(0)+f(0)x+ fﬂz(!o) Xt

S (x)= 72+\/§x—x/§x2 +...

6. Maclaurin Series (solutions)
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(b) B

A

By cosine rule,
AC*  =A4B*+BC*-2(4B)(BC)cosd

2

= 4+86*
1

AC z(4+892)5 (shown)

=4% (1+207 );

:2(1+%(292)+...j

~2+260* wherea=2, b=2

~22 4 42 _2(2)(4)(1—%} since @ is sufficiently small

19()

y:ln[cosxjzln(cosx)—ln(e—x)

e—Xx
d_y:—smx+ 1

=—tanx + L (shown)

dx cosx e—x e—Xx
Method 1
dzy 2
- =-—sec” x+ 5
e—x)
3
d—J;=—ZSec2xtanx+ 3
dx (e—x)
When x =0,
1 dp 1 d’
4 n(ej e " dx dx* e

) ()

Sy==l+—x+ x4+ X+
e 2! 3!
=—1+lx+l Lz—l x2+%x3+...
e 2\e 3e

6. Maclaurin Series (solutions)
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(ii) Replace x by —ex on both LHS and RHS

e—(—ex)

e(l+x)

Then y = h{mj - ln[MJ - 11{‘:05(6’6)}111l

(1+x)

20 1

_1 1
Hence y =1+(—%)x+(2—4)x2 +@x3 +...

Differentiating with respect to x

—COS X 1 1 2
—]:————x+Ex +.. or from

2(1-sinx): 2 4

~- (1)

(1) cosx = —2yd—y

dx

9111,
cosx =—-2(1—sinx)2 —5——x+—x +...

6. Maclaurin Series (solutions)
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[ 1 1 , 1 , 1,
=2 ————X+—X"+—X+—X" +—x"+
2 4 16 4~ 8 16
A L

2 4 2

Alternative solution
cosx =+/1—sin’ x

CosXx = \/(l—sin x)(1+sinx)

1 1

1 1 1 1 1

1 ! 1
cosx =(1—sinx)2 (1+sinx)? = (1-sinx)2 (1-sin(-x))?

cosx = 1—lx—lx2 +ix3 +... 1+lx—lx2 —Lx3 +...
2 8 48 8

1

=l —x——X =X ——X ——X" +...
2 8 2 4 8
=1—lx2+...
2
21(0) | tanly= 3¢ -3
! zd—y:3ex
I+y” dx
& 236 (1+5%)
Alternatively:
y =tan(3e* —3)
d—y:sec2(3e"—3)x3e”‘
dx
=3e*(1+tan’*(3e* - 3))
=3¢ (1+ %)
d’y ) dy
=3e"(1+y°)+2y—(3¢"
o (I+y7)+2y--(e)
:d—y+6ye"d—y
dx dx
dy
=—(1+6ye"
4, ([ T6ve)

6. Maclaurin Series (solutions)
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when x =0,

&
dx
d? y
dx2

=3

=3

3 5
y—0+3x+2—!x +...

:3x+3x2 +...
2
21G1) | (1+ax)"sinbx
1009) 10 9)(8 bx
= (1+10ax +45a*x* +120a’x’ +...)(bx—gb3x3 +...)
= bx+10abx’ +...
Comparing coefficients of x” :
Comparing coefficients of x : 10ab = 3
b=3 2
1
a=—
20
22a@i) | d \/ﬁ
21—%
_ X
1-x°
a(ii) - - J X
sin” xdx=xsin" x— dx
J —
=xsin"' x+/1-x" +C
b(i) V4 y=2x"—x
32 YL Yy
dx dx
2 2 2
ofie) i
dyY | dy
6 i +—5 (3 ) 4 (shown)

6. Maclaurin Series (solutions)
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b(ii) | Whenx=0, y’+y=0
y(y2+1)=0
y=0 or y2+1=O(NA'.°y2+1>Oforallrealy)

3(0)2%+%=4(0)—1:%=—1

6(0)(~1)° +ji—f(3(o)2 +1)=4 :‘;i—fz 4

(_1) 4

b(iii) _ 0.5 _ 0.6
Area IO yd.erJ‘O.5 ydx
= J‘;‘S(x - 2x2) dx + IOO:(—x +2x° ) dx
By GC, area of shaded region = 0.0473 unit?.

The approximation will be better if more terms in the Maclaurin’s series are
included in the integral.

23a e ln(l+ax)

9x* 27x° a’x?  a’x’
= 1+3x+—+ +.. || ax— + —...
2 6 2 3

2.2 3.3 2.3
a’x ax , 3a’x’ Yax

+ +3ax” —

a) , (a 3a° 9a) ;
=ax+|3a— |x +| ———+— |x" +...
2 3 2 2

. . ) a
Since there is no term in x°, 3a —7 =0

=dax —

a’*—6a=0
a =0 (rejected *." a is non-zero) or 6.

3 2
6 3x6 +9x6j s

Therefore, the coefficient of x° :( 5 5

6. Maclaurin Series (solutions) 21
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23b | 1+3x

V9 —x?

_ (1+3x)9[1—%2ﬂ;

1

o0 2
—(1+3x)]92[1-2
(+x) ( 9}

:(1+3x)(9—x2)_;

)
:%(1+3x) 1—x—j :

=§(1+3x):1+(—%j(—éxz]+..}

:l(1+3x) 1+ix2+...j
3 18

=l(l+3x+Lx2 +lx3 +j
3 18 6

1 2 1 3
=—+x+—xX +—x" +

3 54 18

For expansion to be valid,

6. Maclaurin Series (solutions)

22




