2007 H2 Mathematics Prelim Paper 1 solutions
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2. y = (cos "'x)°

ﬂ = 2cos’ x ( ! ]
dx 1— 2
(\/ 1—x? )ﬂ =—2cos | x

dx

d 2
(1 —x? I—yj = 4(COS_l x)2 =4y (proved)
dx
(i) Differentiating wrt x ,
2 2

(1—x2)2(ﬂ) 40| oy (ﬂj 44

dx )\ gy dx dx

2
(l—xz) a7y -Xx (ﬂj=2

dx2 dx
2 2
Whenx=0, y=(cos '0)*= Z_ ;ﬂ =-7; d’y =2;
4 dx dic2
2

. T 2

By Maclaurin’s Theorem ,y = T STX+ X+
(i1) At x = 0, equation of tangent to the curve is
7
!
3a) 0 z

T

4

a) I ? sin x|sinx| dx = J. sin x(—sin x) dx + .[ *sin x(sinx)dx
z 0
4




Solution

= dx

J‘Ol—cos2x J‘%l—cos2x
| ————dx+ | ——
4 0 2
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i 1.1 1 1..T =z
= —|x——sin2x| +—|x——sin2x| ==—+
2 2 2 2 8
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b) 1 dx 1
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X = = =
u du u
1 (w1
J‘XVXZ—Q, dx_-[ L (_MZ)du
u2—2
:J'——ldu
1-2u°
-+ sin_l\/zu +c = C—Lsin_'(ﬁ)
V2 LI

Alternately: %2 cos” (_2) +c
X

4. (1) 0
Direction vector of 7, is | -2
5
2 0
Equationof ¢, i1s r=|-1|+A| 2|, Aell
3 5
(i) 4 2
OB=|13| & ON=|-1-2
-3 3+5M
-2
Then BN =ON -OB=|-14-2)
6+ 5\
0 -2 0 = 284+41L+30+251=0
BNe|-2|=0=|-14-2) |o| -2 = 29 = 58
5 6+ 5\ 5 =>A=-2
-2
BN =| -10
-4
4 1
Equation of line BN : r=|13 |[+A| 5
-3 2




Solution

(i)

S(i) y:coslx—1|

cos_1y=|x—1|
x=1+cos™! y
Since 1-7<x<1, x=1-cos™! y

1

f_1 x> 1-cos x, xel, —1<x<1

R, :[0,00)
Dy = [1—7[,1]

= fg does not exist.

For fg to exist,
R, =[0,1]= maximal D, =[-1,0]

6(i) | | fo
J. / dx:—j dx
2—x 2—x
0 0
1 T =
- I[—(2—x)2 122 x)2 ] dx
0
2 3 T
= {3(2—x)2—4(2—x)2}
0
= %(46—5)
3
+ 2 b (1
+ + +
3 S= - f LA +..+
(i) n 2_-1- n 2_% n )T
n n n
T 2 m
S i o R
n|al2n=t 2n—=2 2n—t
n n n
= :7T [\_/ +J +..... +T}
n n| 2n-1 2n-2 n




Solution

Alternative solution for (i) — by parts

[ | 223 [r2mx a]|

[ 2]

i o]

= (4\/5 -5)
3
2
73) | Area A= | g, 1,12
X 2 4
1 > In
= (- )Inx+|""dx| -
[( x) '[ X X 1 8
_ [_m __LT _In2
x x] 8
el A In2
23
7b) | Points of intersection of curves are (—5, 9) and (0, 4).
Volume
9 4 9 2\?
= nj(—z—\/; Vdy—7[(-2 +\/; )dy - nj(’m_y‘w J dy
0 0 4
=466.52653 — 8.3775593 — 107.66306
=350.4859107 =350
8i) S S
After n leaps of the cheetah, the deer would have leaped 6 nx2= X n.
. ) 2 5 , . .
Therefore the deer is at a distance (21 s + 3 n} from the cheetah’s starting point.
) Distance leaped by cheetah: a=4, d= —Il(;

After n leaps, the distance leaped by the cheetah = §_ = Z [8 —Il(-) (n— 1)}

To catch the deer, S, > 21? +-§ n

W[8—+(n—1)—‘221%+5n
20" 10 53

771—(11—1)2‘1_65‘-1--511
20 5 3
240n—-3n> +3n>1284+100n

3n —143n+1284 <0
(3n-107)n-12)<0= 12£n£35§

4n—

Least number of leaps =12




Solution

i)

Let k be the initial distance between the deer and the cheetah.

For the deer to survive the chase, for all n values, S, <k +§ n

ﬁ[g—i(n—l)}mén
217 10 3

240n—3n’ +3n < 60k +100n

3n* —143n+ 60k >0
= Discriminant < 0

= 143> =720k <0
= k>28401m
least distance = 28.5 m

9a)

let z=x+yi
(x+yi+i)*=2i((x+ yi)+i
x—(y+1)i=—2y+i(2x+1)

Sub (1) into (2):
-y—-1 =2(—2y)+1

2
Sy=— and x=——
e

9b.

27275 k=0, +1,+2 (from (i)




Solution
5.2isin(k—5ﬂ) X
- 2/ SitanZ (proved)
(kﬁ] 5
2cos| —
5
10i) 2 _ —g—
R x+p-3+ q=3p = Asymptotes: y=x+p-3, x=-3
x+3 x+3
i) 2_1_9—q—3p
dx (x+3)°
Forﬂ:O,
dx
(x+3)° =9-¢-3p
x=-3%49-¢g-3p
For 2 turning points, 9—¢g—-3p >0
=q<9-3p (shown)
ces y
1i1) : A
I
I
I
I
I
I
'3: \_/,’/’3‘17 o
-
|7
A
// !
A
///]I
: 2 42x-1
Whenp=2,9g=1, y:L
x+3
o —xr-2x-6=0
o (6 +2x-1)=2(x+3)
42x-1 2
== == (1)
x+3 X
2 intersection points between C & y =— = 2 real roots (shown)
X
1a) | (1) u,,=u, +u,
L™ N
ur+1 ur+1
vr+1:1+i
vr
(i) Asr—>w,v >k and v, 6 —k
k=1+l
k




Solution

kK> =k+1

k*—k-1=0
145
2

Since u, >0 forall r>1

:v,zlﬁ"‘>0 forall r>1
u

r

1+\/g

=k= (ans)
11b) | (i) u, =1
u,=1

Uy =u, +u, =2
u,=u,+u,+u, =4
s =u, +u, +u; +u, =8

Ug =U +Uy +Uy U, +us =16
() u,=2"7, n>2

(ii1) Let n=2, LHS=u, =1
RHS=2°=1
Therefore the result is true for n = 2.
Assume that the result is true forn=k, k>2

k-1
e, u =Y u; =27 k=2
i=1
k k-1
Forn=k+1, u,, = Zui :Zu[ +u,
i=1 i=1
— 2k—2 + 2/(—2 =9 2k—2
_ k-l _ 2(k+1)—2

Therefore the result is true for n=k +1.

Hence by induction, the result is true forall neZ, n>2.

12a) a) ?Jr [1+(x—y)2]coszx:sin2x (1)
X
Usingv=x-y,
-d-vzl——djy - -dyzl—_d-v --------------------- (2)
dx dx dx dx
Substitute (2) into (1) :
l-dv+ [1+v2]coszx=sin2x
dx
A 1402 J[cos 2]+ 1- sin x

&

de cos?x[2+ v? ]




| 1 — dv = %j(l+cos2x)dx

2+v
Ltan’ll = l()htlsinZ)cj +C
2 22U 2
—ltan_lx_y = l(erlsinbc) +C
2 V220 2

y = x—ﬁtan(%(yﬁ— %sin2xj+~/5CJ

12b) % = R — kx , kisa positive constant
t
Atx=15R, @:0 :R—észojk:_
dt 2

Thus, dx =R- 2x ( shown )
dt 3

i)J. ! dx:jldt

R—2x
——lln R —gx =t +c
A 3
In| R —zx = —=f =2 c
3 3 3
R- zx:A e
3

X =%(R -A e%t)

Atr=0,x=0, 0= (R - A) ie A=R

3R =

2
—£¢
ii)As t >0, e 3 —0

x—»%R: a = —R

ie regardless of time, the amount of drug in the patient’s body will never exceed £ R.

13a) L=y’ +(18-x)
=\fx4+(18—x)2

I =x"+(18-x)

9L _ 4x° +2(18 - x)(-1)
dx




Solution

At min pt, % =0

X
S Ax =36-2x
2x° +x—-18=0

From GC, x =2 is the only solution.
Therefore the point is (2, 4)

x=2+,£>0
dx
_dL

x=2",—<0 ..Min point.
dx

13Db)

2 X
—= =x=6
4 6+x
2:i3r22+_
r 6+h 3
V==nr(h+6)——mr(2°)6
3 3
2
:lﬁ(zﬂj (h+6)—87
3 3
1 (1Y \
==gx|=| (h+6) -8«
al3) aro
T 3
=—(h+6)" -8
27( ) 87
.. dv & )
ii —=—(h+6
) o 9( )
dh_dn dv
dt dv dt
9 180
=——20) =——
7(h+6) 7(h+06)

when h=3cm,

dh 180 20

=— cm/s

dt  z@81) 9r




