2015 1JC H2 Maths Prelim 2 Paper 1 (Suggested Solution)

1

A water tank is in the shape of a vertically inverted cone with height 2 m and based
radius 0.5 m. Water is flowing into the tank at a constant rate of 0.01 m® s . At the

same time, water is leaking out of the tank at a constant rate of 1.2x10™*m?® s

'through a small hole at the vertex.. Find the rate of change of the depth of the water
level in the tank at the instant when the depth of the water is 0.5 m. [4]

Q1

Solutions

Let the radius of the water level be r m and the depth of the water level
be h m at time t seconds.

Using similar triangles,

r 05 1 h
—_—=— ==, D> ==
h 2 4
O('j_\t’ —0.01—0.00012 = 0.00988
v zlnrzh :inh3
3 48
d—V = i7rh2 %
dt 16 dt
When h = 0.5,
0.00988 = - 7(0.5)2 4N
16 dt
dh _ 0.00988x16 _ ) 101 (35.f)

dt 0257

..the rate of change of the depth of the water level in the tank at the
instant when the depth of the water is 0.5 m is 0.201 m s .




Referred to the origin O, the points A and B are such that OA=a and OB=Db. The
point M is on AB produced such that AM :BM =4:1 and the point N is on OB such

%

thatON:NB=2:3.

_>
(i) Find OM interms of aand b.
(i) By considering cross product, find the ratio of the area of triangle ANB to the area
of triangle OAM.
Q2 | Solution
() | — OA+30M
OB = OA+30M
4
OM - 40B-OA 4b-a
3 3
(i)

Area of AOAM = %‘@\x W‘
1

2

4b-a
3

ax

:1 ax4b—-axal --(axa)=0
6
2

:§|a><b|

ON =2b

5

=% ANxAB‘
:%(—b—a]x(b—a)

Area of AANB =% ——(bxa)—(axb)‘ ~(axa) and (bxb)=0

1(3

:E g(aXb)‘
=i|a><b|

Ratio of AANBto AOAM =9:20




3 (i) Express i+E—i in the form &, where A and B are constants
r-1 r r+l r(r-1(r+1)
to be determined . [2]
.. 2r-1 .
(i)  Hence find Z . (There is no need to express your answer as a
r+1
single fractlon.) [3]
2r-1 5
iii)  Deduce that —<—. 1
(i) Z D)(r+1) 4 g
> 2r-3

iv)  Using your answer to part (ii), find  —=— = . 2
(iv) Usingy part (ii) Zr(r_l)(r_z) [2]

Q3 | Solution

(i) 1,2 3

r-1 r r+1
_(N)(r+)+2(r-1)(r+1)—-3r(r-1)
B r(r—1)(r +1)
r?+r+2r?—2-3r’ +3r
B r(r—1)(r +1)

4r -2
T r(r—D(r+1)
A=4,B=-2
(i) |y _2r-1 :ln( 12 3)
S -Dr(r+1) 2&\r-1 r r+1
1
"2




(iil)

3
2(n+1)

Since n>0, 2i>0 and >0.
n

4 2r-1
Hence,  ——M—
Z r(r-1)(r+1)

o
-
w

(iv)

From (ii),
. 2r-1 5 1 3
Zz: r(

n+l _
Tofind 3 — 23

r=4 r(r _1)(r B 2)

o 2r-3 4 2r-1
2062 (1))

, replace r by r+1.

|21t 3 | _ 3
14 2n 2(n+) | QO
"i 2r—3 3 1 3

Sr(r-1)(r-2) 4 2n 2(n+))




4 A sequence u,, U,, U,... IS given by

4u -1
Uy for n>1.

u,=1andu,, =
(i) Find the values of u, and u,. [1]

(if) Itisgiventhat u, — | as n—o0. Showing your working, find the exact value of

. [1]
(iii)  For this value of |, use the method of mathematical induction to prove that
1 n+l
u =5 = +I. 4
~{3) 4
N
(iv) Hencefind ) u,. [3]
=1
Q4 | Solution
0 u, = -1 4d-1_ 3 (or 0.375)
8 8 8

3
40-1
-1 \8) 1 or0.0625)
16

u, =
3 8 8

(i) |u >lasn—swo = u,—lan-sw

4u -1 4 -1
Uy = g ,asn—>oo,I:T

8l -4l =-1

(i)

n+1
Let P, be the statement U, :S(EJ 2 fornell™.

LHSof P,=u, =1  (given)

2
RHSofa=5(g)—1—5 |

4 4 4
- P is true.
1 k+1 1
Assume that P, is true for some k €[17, ie. u, :S(EJ —Z.
) 1 k+2 l
Need to prove R, ie U, , =5 > _Z




S B, is true

Since P, is true and B, is true= P, , is true, .". by Mathematical
Induction, P, istrue forall nell™.

(|V) N N 1 n+1 1
2t =n§[5(§j ‘ZJ

:E(l—ij—lN or E—i—%N or equivalent




5

A graphic calculator is not to be used in answering this question.
The complex number z is given by 2+iv3.
(i) Find z* inthe form x+iy, showing your working. [2]

(i) Given that z is a root of the equation 2w* +aw’ +bw+49 =0, find the values of
the real numbers a and b. [3]

(iii)  Using these values of a and b, find all the roots of this equation in exact form. [4]

Q5

Solution

(i)

7' = (2+\/§i)4

=2' 4% C,(2)(V3i)+' C, (2 (3i)
+'C, (2)(J§i)3 +(\/§i)4

—16+324/3i —72-24/3i +9

— —47+84/3i

(i)

Method 1
2w +aw? +bw+49=0

2(—47 +8ﬁi)+a(2+\ﬁi)2 +b(2+ﬁi)+49: 0
-94 +16\/§i +4a+ a(4\/§i)—3a+ 2b+b\/§i+49=0
—45+a+2b+(4a+b+16)\/§i:0

Comparing the coefficient of real part

a+2b=45————— @

Comparing the coefficient of imaginary part
da+b=-16—————— (2)

a=-11, b=28

Method 2

Since the coefficients of the equation are real, z° = 2—/3i is also a
root

({2380 (-(2-+61)
((w—=2)-+3i)((w-2)+5i)
=(W—2)2—(\/§i)2

=W —4w+7




2w +aw’ +bw+49 = (W —4w+7)(2w’ + pw+7)

By comparing coeff of w® , (or inspection mtd)
p-8=0
p=8

comparing coeff of w” :
a=7-32+14=-11
comparing coeff of w:
b=56-28=28

Method 1

Since the coefficients of the equation are real, z° = 2—\/§i is also a
root.

({2380 (w261
((w—=2)-+3i)((w-2)++5i)
= (w—2)° (&)

=W —4w+7
By long division or inspection,

2w —11wA + 28w+ 49 = (w2 — 4w+ 7)(2w2 +8w+ 7)

2W? +8w+7=0

_ 8+ 64—4(2)(7)

) 2(2)

The other roots are 2—+/3i,— 2+ ~

N

Method 2
2W? +8w+7=0

e —8iaf64—4(2)(7) :_2+£
2(2) )
N7
2

The other roots are 2 — \/§i, -2t

N




6

The function f is defined by

f:x—>e*?-3 xell.

(i) Find f*(x) and write down the domain and range of f . [3]
(ii)  Sketch on the same diagram the graphs of y=f(x), y=f"(x) and y=f f(x),
giving the equations of any asymptotes and the exact coordinates of any points
where the curves cross the x- and y-axes. [4]

(iii)  Find the area of the region bounded between y=f(x) andy =f(x), giving your
answer correct to 2 decimal places. [2]

Q6

Solutions

(i)

Lety=e*%-3
y+3=e""
In(y+3)=x-2
Xx=In(y+3)+2
f(x)=In(x+3)+2

f' x> In(x+3)+2, xell, x>-3

(i)

(iii)

X — coordinates of points of intersection:




Using GC, x =-2.9932 or 3.9368

3.9368
Area required =I (In(x+3)+2)—(ex‘2 —3) dx

—2.9932

=34.26 (2 d.p.)

10



1 . o
+—,whereaisa positive constant.

7 Thecurve C,; has equation y=
2a—X X

(i) By using differentiation, or otherwise, find the coordinates of the stationary point
and determine the nature of the stationary point. [4]

(i) Sketch C,, indicating clearly the equations of any asymptotes and the coordinates
of the stationary point. [2]

2

22

X—a

Another curve C, has equation ( ) +Z—2 =1, where b is a positive constant.
a

(ilf) By considering the graph of C,, find an inequality satisfied by b such that C, and
C, intersect at more than one point. [2]

(iv) Giventhat a=2 and b=6, find the range of values of x such that

1 1 (x—a)?
2a—x+;>b[ (1_ a j] 4

Q7 | Solutions
(i) | Method 1: Using Differentiation
dy__ 1 1
dx (2a—x)*> x
Putting ﬂ:o, %:%
dx (2a—x)° X
(2a—x)?=x* = x=+(2a—x)
Xx=a
1 1 2
y= +—==
2a—a a a

d2y 2 2
2~ 3T 3
dx= (2a—x)° x

2
Whenx=a,d—¥=%+%>0
dx a’ a
( 2). .
a, — |Iisamin point.
a

Method 2: non-differentiation method
1 1 2a

B
2a—x x Xx(2a—x)
y = x(2a — x) and multiplied by scale factor 2a in the y-direction.
Since the graph of y = x(2a — x) is a parabola with a max point at

y= is the reciprocal graph of quadratic egn

11



(a,a?), the curve C; will have a min pointat x = a,and y = 2a (a_lz) =
2

a

Thus [a , zj is a min point.
a

(if)
Aty
1 1
y= +=
: 2a-x Xx
-
a, —
y=0 , i a x
O 2a "
x=2£
x=0
(iii) (x—a)2 y2 _ _ ) _
¥ +b—2 =1. The graph of C, is an ellipse with centre (a, 0), with
2 end-pts at (0,0) and (2a,0).
For the ellipse to intersect C; at more than one pt, b > 2
7(iv) | a=2 and b=6

x=4 :

x=0

From the graph,
0<x<0.330 or 3.67 <x <4 (3s.f)

12



8 (@) A curve with equation y=f(x) undergoes the following sequence of
transformation.
A:  Atranslation of 3 units in the positive y-direction.
B: A translation of 2 units in the positive x-direction.
C: A stretch with scale factor 2 parallel to the x-axis.
The resulting curve has equation y =g(x) where g(x):Z—%. Find f(x)in
X_
terms of x. [3]
Another curve with equation y:% undergoes the same sequence of
X
transformations A, B and C. Will the equation of the resulting curve be y = %’?
g(x
Justify your answer. [1]
Q8 | Solution
a
@) f lx—2 +3=2- 4
2 3x—-7
f(lx—z =-1- 4
2 3x—-7
f(%x—z B
6[x—2]+5
2
4
f(x)=-1-
) 6X+5
Alternatively,
4
Since g(x)=2———
90) =2~ 35—
f()=g[2(x+2)]-3= o4 |
3(2x+4)-7
L 4
6X+5
No, it will not be— Undergoing the sequence of transformation, — f( 3
would become ——— + 3, but L T S0 they are different.
f(Ex—Z) g(x) f(;x—2)+3

13



(b)

The diagrams show the graphs of y=| h(x) | and y=-+(h(x)), where a, b and

c are positive constants. Sketch, on separate diagrams, the graphs of

)  y=h(x),
(i) y=h(x]),
(i) y=—.
h(x)
Q8 | Solution
(b [ y=h()
(i)
;\jb x
—C
(b) | y=h(x)
(i)

[2]
[2]

[3]

14



(b)
(iii)

15



At a robotic exhibition, a miniature robotic mouse is programmed to walk 2 different
simulation paths from a starting point O to and from a series of points, B, PR,, R, ...,
increasingly far away in a straight line. The robotic mouse starts at O and walks stage 1
from O to P, and back to O, then stage 2 from O to P, and back to O, and so on. The

miniature robotic mouse can walk a maximum distance of 100 m before its battery runs
out.

(i)
I I I I I I I I o
O 3cmP; 3ecm P, 3cmP; 3cmP, 3cm Ps 3cm Pg 3cm P; 3cm Py
Fig. 1

In Program A, the distances between adjacent points are all 3 cm (see Fig. 1).

(@) Find the distance travelled by the robotic mouse that completes the first 12
stages of program A. [2]

(b)  Write down an expression for the distance travelled by the robotic mouse
that completes n stages of program A. Hence find the greatest number of
stages that the robotic mouse can complete before its battery runs out.  [4]

Q9 | Solutions

(i) | Stage 1: 6 =6(1)

(@) | Stage 2: 12 = 6(2)
Stage 3: 18 = 6(3)
Stage 4: 24 = 6(4)

Stage 12: 6(12)

AP.: 6,12,18......... J T2y, ,6N

T,=a=6  d=6

Distance travelled from the 1% stage till the 12" stage

=S, = g (12)(1+12) = 468

(i) | Stage N: 6n
(b) | Distance travelled from the 1% stage till the n™ stage

=S, :g(n)(l+ n)=3n(n+1)

s, <10000
3n(n+1) <10000

Method 1:

16



3n+3N —10000<0
..—58.24<n<57.24

Greatest n = 57.

Method 2:
(Use table in GC)

(O | | | |

O 3cmP; 3cm P, 6 cm Ps 12cm P,

Fig. 2

In program B, the distances between the points are such that OP; = 3 cm,
P1P, = 3 cm, P,P3 = 6 cm and P,Pn.1 = 2Pn.1P, (see Fig. 2). Write down an
expression for the distance travelled by the robotic mouse that completes N
stages of program B. Hence find the distance from O, and the direction of travel,
of the robotic mouse at the instance when the battery runs out in program B. [5]

Q9

Solutions

(i)

Stage 1: 3+3 = 6(1)
Stage 2: 6+6 = 6(2)
Stage 3: 12+12 = 6(4)
Stage 4: 24+24 = 6(8)

Stage N: 62"
GP. T=a=6 r=2

N —
Sy :6(2—11)
Sy =6(2" -1)

Suppose S, <10000
6(2" —1)<10000

\ 10000
(2 —1) < -

| (10006)
N < _\ 6 ) or use GC to find
In2

N <10.704

17



Maximum N = 10 for S, <10000
Whenn=10, S, =6138

Hence remaining distance
=10000-6138

=3862 cm

At stage 11,
U, =6(2°)=6144
Half of stage 11 is 3072

Distance from O
= 6144 — 3862 = 2282 cm

The direction of travel is towards O from P44 since 3862 > 3072.

18



a

10 (a) (i) Obtainaformula for L 2 dx in terms of a, where a>1. [4]
* In3x
(i)  Hence evaluate .[1 3 dx. [1]

[You may assume that In_za —0as a—>owo.]
a

(b) The region bounded by the curve y :LZ, the x-axis, the lines x = —% and

1+4x
x=E is rotated through 2z radians about the x-axis. Use the substitution

2x=tand to show that the volume of the solid obtained is given by

Wy

971'j
0

cos® 6 dé, and evaluate this integral exactly.

[6]

Q10 Solutions
(@)(i) a | a a
n3x 1 3 1
dx=|(In3x)| - — —j — || —— |dx
jl X {( )( ZXZﬂl E (3XJ( 2x2j
3 3 3
In3a 2 1
=— 2+j - dx
2a % 2X
__|n3a{_i}a
2a’ 4% |1
3
~9 In3a 1
4 2a® 4a*
a)(ii
(a)(ii) AsS a— 0, %—)O and In32a:In§+In?_)0
4a 2a 2a° 2a
Hence,I Ir]3)(dx=g
S 4
b
(b) 2x=tanf = dx:%seczede
When x=0, O=tand = 6=0
When x=§,\/§=tan9 = 9:%

19



Volume of revolution

=9nI3 L a0
o sec” o

Wy

= 97rJ. cos’0 dd  [Shown]
0

W[y

97:! cos? 6 do
0

. 30820 +1 do
Jo 2

T

_ 9_7r_sin 26 +0}3

0

2
on(\3 «
4 3

20



11  The plane p, has equation x—2y+3z=5. The plane p, contains the points A and B

with coordinates (1,

(i)
(i)
(iii)
(iv)

Find the cartesian equation of p,.
Find the exact perpendicular distance from Ato p,.

Find the vector equation of the line | where p,and p, meet.

-3, 1) and (4, 3, —2) respectively and is perpendicular to p, .

[3]
[2]
[2]

Given that C is a general point on I, find an expression for the square of the
distance BC. Hence, or otherwise, find the position vector of the point on | which

is nearest to B.

Q11

Solutions

(i)

4 1 3 1
E:s——3=6:32
) -3 -1

1
n,=| 2 |x| -2 |=| -4 |=4/ -1
3 -1

Equatlon of pg

r.,-1{=3

Cartesian equation of p,: x—y—-z=3

(i)

By inspection, the point C with coordinates (5,0,0) lies in plane p, .

4
AC=| 3
-1

Distance from Ato p,

4V( 1
3 [] -2

[ACn| [-2){3) s

T N 7]

[5]

21



Method 2
Using distance between plane or using formula:
Distance from Ato p,

1 1
-3 -2|-5
_Jan,-D [\ 1)(3 5

n T [

(iil)

Using GC, equation of line | is
1 5
r=|-2+A/4|, Ael
0 1

OR
Method 2:
Using cross product of the 2 normals (n,xn,)to find the directional

vector of the line and then identify a common point to get the equation of
the line.

(iv)

Since point C is lying on the line I,
1+54
OC =| —2+44
A
1+54 4
BC=|-2+41|-| 3
A -2
-3+54
=|-5+44
24+ A

— 2
BC|
=(-3+54)" +(-5+42)" +(2+2)°

=9-301+251% +25— 401 +16A° +4+ 41+ A°
=421° -661+38

Method 1:
For distance BC to be shortest,

22



\ﬁr =427 —661+38

=42{,12——,1+(—
7

11)2
-—— | +
14

:42(/1

11

R

169

14

2
—Ej +38
14

—2 . 11
‘BC‘ is minimum when ﬂ:E

Otherwise Method:

Since BC is perpendicular to I,

‘@ is minimum when 4 = =
14
1+5(%J
69
oC = —2+4(EJ EAPT
14 14
11
E
14
Method 2:
For distance BC to be shortest, let y = ‘@r
d
—y:84/1—66:0
dA
11
y ——
14
Since the coefficient of A° is positive, yz‘ﬁr is minimum when
11
A=—.
14
1+5(%j
11 1 %9
OC=|-2+4/=||==|16
(14} 14
11
E
14

23



—-3+51)(5
-5+41 (14 |=0

2+ A4 1
-15+254-20+164+2+1=0
421 =33
11

A==
14

1+5(%%j
69
oC = —2+4(Ej _Lie
14

11
11

14

24



