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A function is defined as f(x) = lnE ], where a >1. Describe fully a sequence of transformations

x+3a
which transforms the curve y =Inx onto the curve y =f(x). [4]

Do not use a calculator in answering this question.

One of the roots of the equation 2322 4kz+13= 0, where k is real, is 2+ 3i.

(a) Find the other roots of the equation and the value of £. [4]
(b)  Deduce the roots of the equation —iw® +3w? +kiw+13=0. [2]
(a) Find the exact roots of the equation ‘3x2 +8x— 3‘ =3-x [3]

(b) On the same axes, sketch the curves with equations y = 3x% +8x-3| and y=3—x.
q y y

Hence solve exactly the inequality ‘sz +8x— 3‘ >3—x. [4]

A curve C has parametric equations

x =+/3sin2t, y=4c0s2t, for 0<r< .

(a) Show that % = k~/3 tan 2t,where k is a constant to be determined. [2]
(b) Find the equations of the tangents to C at the points where ¢ 2% and ¢ = % [4]
(¢) Find the acute angle between these two tangents. [2]

(a) An infinite geometric progression has first term a and common ratio », where a and r are
non-zero. The sum of all the terms after the nth term of the progression is equal to twice the
nth term. Show that the sum to infinity of the progression is three times the first term. [3]

(b)  The positive integers, starting at 1, are grouped into sets, as follows.

{1}, 12,3}, {4.5,6}, ..,
where there are r integers in the rth set.

(i) Find, in terms of 7, the first integer and the last integer in the rth set. [3]
(ii)  Prove that the sum of the integers in the rth set is %r(l +72 ) [2]

The region R is bounded by the two curves with equations y =1+cos2x and y =1+ cos® x , where
0<x<r.
(a) Find the exact area of region R. [4]

(b)  Show that cos* x = %(3 +4c0s2x +cos4x). [2]

(c) Find the exact volume of the solid formed by rotating R through 27 radians about the x-axis.

[4]
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@ (@) It is given that %:(4x— y+2)2. Using the substitution v=4x—y, show that the

differential equation can be transformed to % =f(v), where the function f(v) is to

be found. [2]
(ii) Hence, given that y=-2 when x=0, solve the differential equation
%:(4x—y+2)2, to find y in terms of x. [4]
(b)  The variables x and y are connected by the following differential equation
2
ey e 2 +/x.
dx2
(i) Find the general solution, giving your answer in the form y = f(x). [2]

(ii)  Find the solution curve where the tangent at the origin is parallel to the line y =2x+3.

2]

The function f'is defined by

f:xH; xeR, x<k,

x? —4ax +5a°
where a and k are positive constants.

(a) Find the largest possible value of £, in terms of a, such that f 1 exists. [2]
It is now given that k =a and a>1.

(b) Show that the composite function f 2 exists. [2]
(©) Find f _l(x) in terms of x and a. [3]

(d) On the same diagram, sketch the graphs of fand f -1 giving the equations of any asymptotes.
[4]

(@ () Find j X2Vx +1 dx. 2]
0

(ii) Hence, find the exact value of j—l ©Vx +1 dx. [3]

(b)  Use the substitution u =1+¢* to find J. e?*\1+¢e” dx. [4]

() Find I(2 +tan 5x)cos 5xsin 3x dx. [3]
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A security system in a museum uses laser to protect a valuable artefact. The path of the laser beam can
be represented by the line passing through the points (0,—3,1) and (2,—1,2). The museum also

installed a reflective shield, represented by the plane passing through the points (6,9, 3), (-2,13,1)

and (4,10, 0).

(a) Show that a cartesian equation of the plane representing the reflective shield is x+2y =24.
2]

(b) Find 6, the acute angle between the laser beam and the reflective shield. [2]

(©) Find the position vector of the point where the laser beam hits the reflective shield. [2]

The reflective shield deflects the laser beam such that the angle between the laser beam and the
reflective shield equals to the angle between the deflected laser beam and the reflective shield. The
laser beam, the deflected laser beam and the normal of the reflective shield lie in the same plane
(see diagram).

Nor_mal

Laser Beam Deflected Laser Beam

\\ /

Reflective Shield

(d) Find a vector equation of the line representing the deflected laser beam. [6]
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[It is given that the volume of a right pyramid is %x base area x height. ]

A manufacturer designs a decorative item in the shape of a right pyramid with five parts. The square
base has sides 2x cm. The four triangular faces each has a base length of 2x cm and height of / cm. The
five parts are joined together as shown in the diagram. The item is made of material of negligible
thickness.

The manufacturer determines that the total external surface area of the item must be 144 cm? and that

the total volume of the item, ¥ cm>, should be as large as possible.

(@)  Show that ¥/ =8y36x> —2x* . [3]
(b) Use differentiation to show that the maximum value of ¥ is 72+/2 cm’, obtained when the
value of x is 3 cm. Prove that the value of Vis a maximum. [4]

The item is now manufactured with the value of x being 3 cm. To make the item glow in the dark, the
item is to be filled entirely with fluorescent liquid. The liquid is injected into the item at a rate of

10 cm® per second.
(c¢) Find the rate of increase of the depth of the liquid after 6 seconds. [5]
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