2024 H2 MATH (9758/02) JC 2 PRELIMINARY EXAMINATION — SUGGESTED SOLUTIONS

Qn Solution
1 Maclaurin’s Series
) | y=In(1+3x+2x*)
q 34 dx Useful technique: Multiply both sides by
_ — the denominator before further
dx 1+3x+2x / differentiation.
(1+3x+ sz)d_y — 344y AVOID using quotient rule for further
dx differentiation as much as possible.
diff wrt X,
2
(1+ 3 + 2x2 )d_+(3+ 4X)d_y =4 (shown)"’_ Use implicit differentiation
dx? dx
diff wrt X,
d’y d’y ,dy d’y
143X+ 2X° ) —2 +(3+4x)—+4—2+(3+4x)—-=0
( ) dX3 ( ) dXZ ( ) dXZ
3 2
(1+3x+2x? )d—>3/+(6 +8x)d—¥+ 4Y o Use implicit differentiation
dx dx dx
2 3
whenx=0, y=0, j—y:3, 3—32/—— , 3—33/:18,
X X X" <«—] Find the values of f(0),
£2(0), £°(0) and £ (0).
y—3x—£x2 B,
217 317 " == substitute into the general form of the
5, ., Maclaurin Series that can be found in MF26
=3X—=X"+3X"+...
(i) - 2
y In(1+3x+2x ) Use the standard series in MF26
2 3 . .
x4 2%2 3x 4 2x2 for In(1+x) up to and including
:3x+2x2—( ) +( ) + s
2 3 the term in x* and show clearly
1 1 that it is the same as the
=3x+2x" = 2(9x* +12x° +4x" )+ 5 (27X +...) | Maclaurin Series found in ()

= 3X —g x* +3x% +... (verified)

Alternative:

y=In(1+x)+In(1+2x)
Using the standard series in MF26,

(29°

x> X
Yy=X——+—+...+| 2X—
2 3

2

= 3X —g x> +3x° +... (verified)

y =In(1+3x+2x* ) =In[ (1+x)(1+2x) |

(2x)

3

|
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(iii)

In(1+3x+2x2):3x—gx2+3x3+...

Substitute x :% into both

sides of the Maclurin
Series to get the
approximate value for In 3

1
Sub X:E, /
.n[1+3(1j+2(1j ngﬁ_ﬁ(zj +3(1)

2 2 2 2\ 2 2
.'.|n3zE

4
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Qn Solution
2 | Vectors
i | == 3 — — T
OoC = 52 < OA and OC are in opposite directions,
By ratio theorem thus the negative sign is important
06 =2a+lp
5 5
Area of triangle OCD
-2/oC <0D)|
2
1| 3 (4 1 j|
==|-—ax|—a+=b
2| 2 5 5
_3 ax(ﬂa+1bj|
4 5 5
3|4 1 ) This is a SHOW question, there is a
=4lg@@rgax b < need to apply the distributive law and
3 1 show the expansion clearly
=4 [0+zaxb \
4l 5 Must explain that axa=0
3
=20 laxb| (shown)
(i) — ) —
Ap | AC-AB | AB For the projection vector formula,
E E \ —o—
‘ ‘ ‘ ‘ there is NO modulus for @
(~a(b-a))(b-a) =
B b-a )|b-a as the direction is important
—asb +aea )
(b—a)-(b—a)i( 2) la|” =a-a
NP = |b—a)* = (b-a)«(b-a)
= — ab+}a| 5 |(b-a) ( a-a=|a|2, b-b:|b|2)
o —2asb +]a|
Gl
= -a rasb=0
ST
R
&l +]o)”
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Qn Solution

3 Complex Numbers

(@)(i) | NOTE: Do not use graphing calculator when answering this question.
Answers obtained using GC will not be awarded marks.

tate Conjugate Root

Theorem properly

Since coefficients of polynomial are all real,
z=2++f3iisaroot = z=2-+/3iisalso aroot. <S

Quadratic factor
({21 z-(e- )
= ((2-2)-+3i)((z-2)++3i)
= (2-2)* - (43i)’

=72 -42+7

Let z =b be the third root. (Note that the last root must be real.)
2°-82° +232+k =(2* -42+7)(z-b)

Comparing coefficient of z°:
-b-4=-8 = b=4
Comparing coefficient of z°:
k=7(-4)=-28

Thus, the roots are 2+\/§i, 2—\/§i and 4. < Answer the question

Alternative Method (Not recommended)
22 -82+23z+k=0
Substitute 2++/3i into equation:

(2+\/§i)3—8(2+\/§i)2 +23(2+3i)+k=0

GC is not allow

ed

(8+12\/§i+6(\/§i)2 +(\/§i)3)—8(4+4\/§i —\/§z)+46+ 23Bi+k=0 so working needs
to be shown clearly
8+12+/3i —18—3+/3i—32—32+/3i + 24+ 46+ 23/3i +k =0
28+k=0 No mark if
k=-28 working is not
shown clearly
Since coefficients of polynomial are all real,
z=2++3iisaroot = z=2-+/3iisalsoaroot. State Conjugate Root
Theorem properly
Quadratic factor
(o) e (2-8)
= ((z ~2) —ﬁi)((z —2)+J§i)
= (2-2)" - (\3i)’
=22-472+7
Let z =D be the third root. (Note that the last root must be real.)
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2°-82° +232-28=(2"-42+7)(z-h)

Comparing constant
b-4=-8 = b=4

Thus, the roots are  2++/3i, 2—+/3i and 4. < Answer the question

(a)(ii) | Replace z with iz
“Hence” so use previous
iz=2+ \/gi or iz=2- \/§i or iz=4 part’s answer and do a
z=+/3-2i or  z=+/3-2i or z=-4i replacement
(b) | w=cos@+ising=¢e"

Tip: Since this involves division of 2 complex

W* el(_g) -
numbers, use exponential form

7"\

W2 +1: ci20) ¢

el(=9) Useful result:
RO (em +ei(—0)) 2=l (7 1 ¢10)

=cos@+isin@+cos@—isin =2cos@

_ %sec(@)ei(‘z‘g) < This is of the form Re'™?) where R = %sec&’ is

the modulus and —28 is the argument
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oQn

Solution

Integration

(@)()

i(ecosx)

COs X

—sin xe

dx

(i)

Note:

'[sin 2x e°%* dx

d
d—( °°SX) —sin x e%sX :>Ismxe°°sxdx
X

e“**+C | For integration questions,

sin24 = 2sinAcos A

Double angle formula (MF26):

if question asks you to
differentiate something
first, it is to guide you to

IZsin X C0oS X e°%* dx

see the integration

2_[ Ccos x(sin X e°°s") dx

K |1 D I

CosX

U = COoS X v=(sinx)e

du .
— =-sinx
d

COS X

_[vdx

Z[COSX °°SX j(—sinx)(—emx)dx}

—7

2[ COoS X e%%%% — Ism X ec°sxdx]
[ cos X e cosxil_’_c

=2e"**(1-cosx)+C (shown)

For integration by parts,

Highly recommended to work
out the u and v at the side, then
apply KI -
accordingly

DI to fill in each part

(i)

b

dx <

‘sin 2X gFosX

Need to

Keyword: exact =Cannot just use G.C.

can integrate

remove the modulus before you

From the graph of y = sin 2x e®°5*,
observe that when y < 0, g <x<m

. T
sin2xe™* 0<x<=
‘sin 2x e = 2
. T
—sin 2x e*** ESXSH

HORHAL FLOAT AUTO REAL RADIAN HP n

y = sin 2x e“°%*

-

2

T
- T .
IOZ sin 2x 9% dx—fn sin 2x % dx

'\

- [Ze“’Sx (1-cos x)l)g - [Zec"sx (1-cos x)]; /
2

= 2¢°(1-0)-2¢"(1-1)—[ 2¢™* (1+1) - 2¢° (1-0) |
=4—4e™

Use the show result from (ii)
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(b)

X =secd jg—zzsecetan 0 <«— MF26

! dx
-1

5=

= _ secd tang)do

\sec? 9—1(

Fo Recall: tan? 8 + 1 = sec? 6
= sec tand)dd

J \/tanzé’(

r

= L(secé’tan@)dé? since 0< @<=
J tané@ 2

= j secodd
MF26 You should remove the

=Injsecd +tan 6|+ C modulus when possible

(.

=In(secf+tand)+C since O<9<g:>sec9>0,tan9>0

:In(x+\/x2—1)+C <«— | Since it is indefinite integral,

/‘ need to change back to x and
7 1 remember the ‘+ C’
x =secH = cosbf =—
x Steps for integration by substitution:
21 X 1) Differentiate the given substitution
Xt i . » Hidden working:
1 (_T)dx}:‘(_)dg
2 1 T ! .
~tanf = Everything Everything
1 involving x involving 6

2) Substitute everything to € in the
integration in 1 step:
» Expression (including the dx)
» Upper & Lower limits (if any)

3) Simplify and integrate accordingly

4) For indefinite integrals, substitute back
the x accordingly
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Qn Solution

5 | Probability

(i) | P(B)=P(AUB)-P(ANB)
9 1
16 16
8 1
16 2

8

)=%—%=% and P(A)P(B):%(ljzi

Wb an B)=%(1—1j=l

P(ANB

Since P(A)P(B)=P(ANB) :% , the events A and B are independent.

Alternatively

Given that P(AmB'):% and P(A)x P(B'):lxlzi

8 2 16
since P(A)P(B')=P(ANB’) =% , the events A and B are independent.

.. the events A and B are independent.

(iif) | Since C is independent of A, .. the events of A" and C are independent.
P(A'nC)=P(A")xP(C)

)2

64
(iv) | Since A and B are independent, A’ and B are also independent,

p(A'mB):p(A')p(B):Z(EJ 7

16

Let P(BNC)nA")=x and P(ANB'nC")=y

From Venn diagram,

1 3 1 2 7 21
—+t—+—+—+——X+X+—-X+y=1
32 64 64 64 16

ﬂ—x+y—1

64
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.
64

.. - 7
For minimum y, minimum x=0, = yza

. , 21 721 7
For maximumy, maximum x=—, =>y=—+—=—
64 64 64 16

L <p(AnBAC) <L
64 16
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Qn Solution
6 DRV
a)(i +2p+5p=1
@0 | p 1p P Total sum of probabilities = 1
p=§
, Case 1: 1 Bull’s eye and 1 outer ring
5\(1 2 7 5\ 1
P(X=06)=|=| =24 =| =—: il [
(X =6) (sj(aj {sj 2] (sj[sjz’\
5 25 No of cases = No of ways to permute 1 Bull’s
P(X=2)= 8 64 eye and 1 outer ring
p(xz4)=(§j(3jz!=i
8/)\8 16 Case 2: 2 inner ring
1)(2 1 2\’ ,
P(X=8)=|=| =|2!==. Z | «—— There is only one case.
8)\ 8 16 8
1Y 1
P(X =10)=|=| ==
(x=10)-(3) -5,
X 2 4 6 8 10
P(x=x)| 28 | 5 | Z [ 1 [ L
64 16 32 16 64
(i) | using GC, E(X)=4
(iii) 1

X
For the game to be fair, E[E—kj:OSEE(X)—k:ODK:Z.

/

Expected payout

\

Cost of 1 round

Idea: Fair game refers to no loss or profit from playing the game.
Hence, expected payout (expectation) — cost of 1 round =0
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Qn Solution
7 Correlation and Regression

()

2 Only some did not label the
max and min values on scatter
diagram.

190 x X X
x X
X
X
X
X
90 — X
| | >
22

36

From the scatter diagram, as the daily average temperature increases, the number of
popsicles sold increases at a decreasing rate. (or as x increases, y increases at a

decreasing rate)
Note:

Comment the relationship from scatter diagram instead of using r value.

(i) | For y=a+bx, rvalue =0.95143 = 0.951 (3 s.f.)

For In(200-y) =c+dx, r value = —0.98920 = —-0.989 (3s.f.)

Since |r|=0.989 for the model In(200—y) =c+dx is closer to 1 than the |r|=0.951 for
the model y =a+bx, hence In(200-y) =c+dx is a better model.

OR

Since the product moment correlation coefficient for the model In(200-y)=c+dx of

—0.989 is closer to —1 than the product moment correlation coefficient for the model
y=a+bx of 0.951 to 1, hence In(200—y) =c+dx is a better model.

In(200 - y) =8.7493-0.18032x = 8.75—0.180x Need to compare the |r| value of both
models or r values of both models.

(iii) | When x=37, y=192 (3s.f)

The estimate is not reliable as x =37 is outside the data range 22 < x <36 and a linear

model between In(200 - y) and x may not hold.| Need to justify that the value of 37 is outside
the data range.

(iv) | The value of 200 is the theoretical maximum number of popsicles that the store can sell
per day.

Keywords: theoretical maximum number of
popsicles sold or the number of popsicles sold
will approach 200.
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Qn Solution
8 | Hypothesis Testing Comments
(i) | Let X be the mass of a randomly chosen orange (in

grams).
Let x denote the population mean mass of an orange
(in grams).

(4%) =% =16.410

2 40
40-1
X =364.2

H,: 1 =365
H,:u <365

Under Ho, since n =40 is large, by Central Limit

(%)
Theorem, X ~ N| 365, % approximately.
4

Test statistic: 7 = _X-365 N(O,l)

(64%9)

Level of significance: 5%
Reject Ho if p-value < 0.05

Under Ho, using G.C., p-value =0.10583

Since p-value =0.106 > 0.05, we do not reject Ho and
conclude that there is insufficient evidence at 5%
level, that the population mean mass of the orange is
less than 365g.

Hence, the fruit seller has not overstated the mean at
5% level.

Define the variables
accurately.

4 is sample standard
deviation. Use the formula

, N .
S =—1><sample varianceto

find s*.

The fruit seller claims that the
mean mass is 365g. To test if
he has overstated the mean,
we test if the mean is less than
3659.

Since the distribution of X is
unknown and the sample size
is large, we can use Central
Limit Theorem to find the

distribution of X . Ensure
phrasing is complete and CLT
is spelt out in full.

Standardise X to obtain the
test statistic.

Write down the level of
significance and the rejection
criteria. We can use p-value
since there are no unknowns
in the question.

Take note of what is necessary
in the conclusion:
1. Reject/do not reject Ho
2. Level of significance
3. Sufficient/insufficient
evidence for Hy
(written in context)
The question is whether the
mean is overstated, not
whether the fruit seller’s claim

TMJC/2024 JC2 Preliminary Examination Suggested Solutions/H2 Math (9758/02)/Math Dept
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(ii) | Let D be the diameter of a randomly chosen orange
(in cm).

Let x denote the population mean diameter of an
orange (in cm).

Define the variables accurately.
Note that D is defined in the
question and does not have to
be redefined.

Ho:p=9 ‘Expected value of D is 9’ means that ‘the mean of D is 9°. In
H :pu>9 particular, we are testing if the mean diameter exceeds 9.
, _ 0.32 Write down the reason and
Under Ho, D ~ N(9’0'3 ) D= N(g, 50 J the distribution of D clearly.
_ It is stated that D is normally
Test Statistic: 7 = 2~ - N(0,1) distributed and the population
0.3 standard deviation is given to
5 be 0.3.

Level of significance: 5%

Write down the rejection
criteria for the right-tail test at

Y- | 5% level of significance.
) 0 1 6449™\ We have to use z-value
Do not reject H,, Z_value method as sample mean is
Reject H, unknown. Represent it using
d.

NORIAL FLOAT AUTO REAL RADIAH HF [
invNorm

area:. @S

H:e

o:l
Tail: LEFT CENTER [N
Paste

Reject Ho if z-value > 1.6449

Let d denote the sample mean diameter of an orange
for this sample.

d-9
z-value=—
0.3
)
élgfzveatlziri |1s. éﬂément evidence to reject Ho, ‘Sufficient evident from the
— sample to conclude that the
& >1.6449 mean diameter exceeds 9cm’
(0.3 j means that there is sufficient
50 evidence for Hii.e. Hois
d >9.0698 rejected. Solve for the
~d>907 (3sf) unknown d . Round off the
answer to satisfy the
inequality.
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(iii)

Since d =8.9<9.07 is outside the rejection region
found in (ii), we do not reject Ho and conclude that
there is insufficient evidence, at 5% level of
significance, that the population mean diameter of the
orange is more than 9 cm.

Take note of what is necessary in the
conclusion:

1. Reject/do not reject Ho

2. Level of significance

3. Sufficient/insufficient evidence for H

Note that the hypotheses and
sample size for (ii) and (iii) are the
same. The population variance is
also constant. Hence we can use
the result in (ii).

From (ii), for Ho to be rejected, the
sample mean is greater than 9.07.
Since the sample mean is less than
9.07 for this part, we do not reject
Ho. Ensure that clear reasoning is
given and conclusion is complete.

Y ~B(10,1-0.23517) =Y ~ B(10,0.76483)

Qn Solution
9 Binomial Distribution & Probability
(i) | Assumptions: For Binomial Distribution, need to explain the following assumptions
\ in the context of the question
1. Independent trials (NOT independent probability)
2. Constant probability of success
The other 2 conditions (fixed number of trials and two mutually
exclusive outcomes) are implied to be true from the question.
1. Whether a randomly chosen ball tossed by the participant goes into the container
is independent of any other balls tossed.
2. The probability that a randomly chosen ball tossed by the participant goes into the
container is constant at 0.35.
The participant may adjust the toss after he succeeds or fails, hence the condition of
independence may not hold. '\ Reason given must explain clearly why an
assumption may not hold by relating to a
round of the game played by a participant.
(i) | X ~B(5,0.35)
Important to use complement to change
P(XZP’):l_P(XSZ) « to 1-P(X <2) so that GC Binomcdf
=0.23517 command can be used
=0.235
(iii) | LetY be the number of participants, out of 10, who did not win a prize.

Important:

P(Y <6)=0.191 ™ Use 5 s.f value define all

Altenative solution:

variables clearly

Let W be the number of participants, out of 10, who won a prize.

W ~ B(10,0.23517)

P(W >4)=1-P(W <3)

At most 6 (out of 10) did not win a prize
is equivalent to
At least 4 (out of 10) won a prize

=0.191
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(iv) | P(Wins a prize) : — :
Consider 2 cases for a participant to win a

=P(X 23)+P(X =2)P(X >4) prize:

= (0.23517)+(0.33642)(0.054023) Case 1: participant tosses at least 3 balls into
the container in 1% round only

=0.25334 Case 2: participant tosses exactly 2 balls into

=0.253 the container in 1% round and tosses at least 4

balls into the container in 2" round.

(V) | P(Toss fewer than 7 balls into the container | Wins a prize)
_ P(Toss fewer than 7 balls into the container and wins a prize)

- P (Wins a prize) ] Use
conditional
_P(X23)+P(X =2)P(X =4) orobability
0.25334
0.25128 :
= For the numerator, consider 2 cases for a
0.25334 s ,
0993 participant to toss fewer than 7 balls and win a
e prize
For the denominator, Case 1: partigipa?tt tosses at least 3 balls into
use the P(wins a prize) the con_talner_ in 1% round only _
value (up to at least 5 Case 2: partlglpa?tt tosses exactly 2 balls into
s.f) found in part (iv). the container in 1% round andd tosses exactly 4
balls into the container in 2" round.
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Qn Solution
10 Normal and Sampling Distributions
() Note that the standard deviation (SD) is
0.12 and both 1.4 and 2.3 is 3.75 SD away
from the mean. This meant the area under
the curve between 1.4 and 2.3 is close to 1.
: Thus, tail end of the curve at 1.4 and 2.3
! should be real close to the axis.
1'.4 1.85 23 'Mass (in kg)
(i) Let X be the mass of a randomly chosen papaya (in kg).
X ~N(1.85,0.12*)
Let Y be the mass of a randomly chosen watermelon (in kg).
Y ~N(6.5,0.72°)
Note: You must:
a) Define the variables used clearly and
P(X <1-7) =0.106 (3 S-f-) b) Write down the distribution with the
(iii) E(Y _X ) —6.5-1.85=465 parameter values evaluated.
Var(Y - X)=0.72* +0.12° = 0.5328
Note:
Y-X~N 4.65,0.5328\
( ) a) Var(Y-X)=Var(Y)+Var(X)
P(Y —X> 4'5) =0.581 (3 S'f') b) 0.5328 is an exact answer. Do NOT
iv — 2 round off to 3 s.f.
(iv) oYYy, N[6_5,0.72 j
n n
P(Y >k)=0.2
k-6.5
Pl Z> 0.7% =0.2
Jn
k-6.5
W =0.84162
Jn
K= 6.5+ 0.606
Jn
(V) Let T =2.20( X, + X, + X;)+1.45(Y, +Y, +Y; +Y,) Note: Do NOT round off
E(T)=2.20x3x1.85+1.45x4x6.5=49.91 exact answer to 3 s.f.
_ 2 2 2 2 _
Var(T)=2.20°x3x0.12” +1.45" x 4x0.72° = 4.568832 In this question, 49.91 and
T ~ N (49.91,4.568832) 4.568832 are both exact
P(T >50)=0.483 (3sf) ASWErs:
(vi) We assume that the distributions of the masses of all fruits are independent of one
another. :
Note: The key words are in bold.
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of independence between the distribution of masses of any two randomly
chosen papayas (watermelons).

Common Mistake: Phrasings by students are not clear in illustrating the need
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